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Abstract

We introduce the value-free (v-f) reductions, operators that map a coalitional
game played by a set of players to another “similar” game played by a subset of
those players. We propose properties that v-f reductions may satisfy, we provide
a theory of duality, and we characterize several v-f reductions (among which the
value-free version of the reduced games proposed by Hart and Mas-Colell, 1989,
and Oishi et al., 2016). Unlike reduced games, introduced to characterize values
in terms of consistency, v-f reductions are not defined in reference to values. How-
ever, a v-f reduction induces a value. We characterize v-f reductions that induce
the Shapley, the stand-alone, and the Banzhaf values. We connect our approach
to the theory of implementation. Finally, our new approach is a valuable tool to
provide new characterizations of values in terms of consistency. We present new

characterizations of the Banzhaf and the stand-alone values.
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1 Introduction

We consider environments where a set of participants can collaborate to obtain and
share surplus, that is, we study coalitional games with transferable utility (TU games).
In such environments, we look at the consequences of removing some players from the
game. In the new game faced by the remaining participants, the worth of each coalition
of players is a function of the strategic possibilities of all the players in the initial game.

This problem is relevant in many economic contexts. For instance, when a group
of shareholders leave a company, the remaining shareholders reorganize the ownership
among themselves. The process through which the outstanding shareholders acquire
the shares of the leaving shareholders will determine the strategic environment where
they will interact from then on, that is, the worth of each possible coalition in the new
environment.

Thus, in this paper, we look at TU games from a new perspective. We study
“operators” that map a TU game played by a set N of players to another, similar but
“reduced” game, played by a subset of N. We propose properties that such functions
may satisfy, and we use these properties to characterize several operators. Our research
question is different but related to the search for consistency properties of values for
TU games/[l| Before continuing with the contribution of our paper, it is worthwhile to
discuss the relationship between this line of research and our approach. To that aim,
we first briefly describe the consistency requirement. Consider a value for TU games,
that is, a function that associates a payoff to every player in every game. Starting from
a TU game with a set of players N, we can define a reduced game among the players
of any N' C N. The worth of a coalition in the reduced game takes into account the
payoffs that the players in the coalition give, according to the value, to the players who
are removed, that is, to the players in N \ N’. Hence, the characteristic function of
the reduced game depends on the original characteristic function and the solution in
question. The value is consistent if a player in N/ obtains the same payoff in the initial
game and in the reduced game.

There are several possibilities to define a reduced game depending on how the re-

! Tn this respect, the closest papers to ours are Hart and Mas-Colell (1989) and Oishi et al. (2016).



moved players are compensated. In particular, Hart and Mas-Colell (1989) (HM) and
Oishi et al. (2016) (ONHF') define two different reduced games. They use them to
characterize the Shapley value as the only value that is standard for two-person games
(that is, it divides the surplus equally between the two players) and consistent.

In contrast to the previous literature on consistency, we study operators that reduce
games without reference to any value. We refer to them as value-free reductions (v-f
reductions, for short). For any TU game with a set of players N and any N' C N,
a v-f reduction generates a game played by N’. A simple example is the subgame v-f
reduction, which assigns each coalition in the reduced game the same worth as in the
initial game.

Our interest lies in the analysis of the reduction processes, that is, in the v-f reduc-
tions. We propose properties that one may ask any such v-f reduction to satisfy. In
this paper, we study v-f reductions that satisfy four properties. First, we request that
a v-f reduction is “well defined,” in the sense that how players in N\ N are removed to
arrive at a game with a set of players N’ should not matter. The game played by the
set N’ should be the same if the players in N \ N’ have been removed one by one, all
simultaneously, or in any other sequence. We call this property path independence. The
second property is the additivity of the v-f reduction. Reducing two games through an
additive v-f reduction and then summing the corresponding reduced games and directly
reducing the sum of the games gives the same result.

The other two properties are related to the presence of null players in the initial
game. The contribution of a null player to any coalition is zero. Hence, it seems
reasonable that they play no role in a v-f reduction. We require that if a player is a
null player in the initial game, he should still be a null player after a v-f reduction. We
call this property the permanent null player. Moreover, if a null player is removed from
the game, then the worth of the coalitions should not change, a property that we call
the null player out property.

Path independence, additivity, permanent null player, and null player out do not
suffice to identify a unique v-f reduction. But, by including alternative “invariance”
properties, we characterize several v-f reductions. Each invariance property states how
changes in the worth of coalitions of the same size affect the reduction of the game.
First, we characterize the subgame v-f reduction using an axiom that requires that an
increase in the worth of the grand coalition should not affect the reduction of a game,
a property that we call grand-coalition invariance.

Second, we consider the four previous properties plus the invariance axiom that



states that the reduced game is immune to changes in the players’ strategic prospects
derived from an identical increase or decrease in all the stand-alone coalitions. The
axiom requires that if the worth of each stand-alone coalition, say, increases by the
same amount, then this change should not affect how the game is reduced. Interestingly,
these five axioms characterize a unique v-f reduction that corresponds to the HM v-f
reduction, that is, the value-free version of the reduction method proposed by HM.

To continue our analysis of the properties of v-f reductions, we propose a duality
theory for them. We define the dual of a v-f reduction as the v-f reduction of the dual
of the game. We show that the ONHF v-f reduction (that is, the value-free version of
the ONHF reduction method) is dual to that of the HM v-f reduction. We also show
that our basic properties of path independence, additivity, permanent null player, and
null player out are all self-dual properties, in the sense that they are satisfied by a v-f
reduction if and only if they are satisfied by the dual of the v-f reduction. We use the
duality theory to characterize the ONHF' v-f reduction by using the invariance axiom
that is dual of the one in the characterization of the HM v-f reduction. According to
this new axiom, the reduction of a game should be immune to an identical increase or
decrease in the worth of all the coalitions that include all the players except one.

We note that, given a v-f reduction, then any (initial) game can unambiguously be
reduced to a game played by just one player, say player ¢ € N. We can interpret the
worth of coalition {i} (the only non-empty coalition) in this reduced game as the benefit
or cost to be distributed to this player in the initial game. Repeating this process for
every player in NV allows us to define a value for the initial game. Thus, a v-f reduction
“induces” a value. We show that the subgame v-f reduction induces the stand-alone
value and, as one may expect, the HM and the ONHF v-f reductions induce the Shapley
value. Moreover, we can connect our approach to the previous literature on consistency
because any value induced by a path-independent v-f reduction (such as the subgame,
the HM, and the ONHF' v-f reductions) is consistent relative to that reduction.

We also link our approach to the theory of implementation. Indeed, we use the
players’ payoffs obtained at the Pérez-Castrillo-Wettstein bidding mechanism (a mech-
anism that implements the Shapley value, see Pérez-Castrillo and Wettstein, 2001) to
propose another v-f reduction. We characterize the new v-f reduction by an alternative
invariance axiom and show that it also induces the Shapley value. Moreover, we apply
our duality theory again and characterize the dual of that v-f reduction. The existence
of this dual PW v-f reduction prefigures the existence of a new PW -style bidding mech-

anism (see Sun, 2020, for the analysis of such a mechanism). Thus, the connection of



our approach to the theory of implementation —by constructing the v-f reduction of an
extensive-form game and then finding its dual- could help enrich the literature of the
Nash program. It can suggest new mechanisms that are “dual” of existing mechanisms.

Our four basic axioms can lead to characterizations of v-f reductions that induce
additive values other than the stand-alone and the Shapley values. We use them as
part of the characterization of a v-f reduction that induces the Banzhaf value (Banzhaf,
1964).

Although we do not use them in our characterizations, we discuss the properties of
anonymity and linearity. Anonymity of a v-f reduction requires that a player’s name
does not matter in the reduction of the game. It has two implications: (a) the worth of
the coalitions in the reduced game does not depend on the names of the players in the
initial game but only on their contributions to coalitions, and (b) the v-f reduction itself
depends not on the names of the removed players but only on their contributions. The
notion of anonymity is unrelated to the other axioms. In fact, our basic properties do
not imply anonymity. However, all the v-f reductions that we study satisfy anonymity
of the process. They also satisfy linearity, which is additivity plus homogeneity.

We have based some of our examples of v-f reductions on existing reduced games,
which were introduced to study the internal consistency of values. We also propose
the reverse process. That is, given a v-f reduction, we can find a reduced game whose
v-f version coincides with the v-f reduction. Through this process, we provide a new
characterization of the Banzhaf value as the only value consistent relative to a new
reduced game and standard for two-player games. We provide a similar characterization
for the stand-alone value.

In addition to Hart and Mas-Colell (1989) and Oishi et al. (2016), several authors
have used the consistency principle to characterize values for TU gamesP] Among
others, Sobolev (1975) defines a distinct reduced game and axiomatize, together with
other axioms, the Shapley value. Noticeabley, Davis and Maschler (1965) define a
reduced game which turns out crucial in Peleg’s (1985, 1986) axiomatizations of the
core and the prekernel, and Sobolev’s (1975) axiomatization of the prenucleolus. Moulin
(1985) defines a reduced game and axiomatizes three families of choice methods in the
framework of the “quasi-linear social choice problem.”ﬂ Tadenuma (1992) also employs

this reduced game to provide another axiomatization of the core.

2 For introductions to the consistency principle in general, see Driessen (1991) and Thomson (2011).
3 See also Chang and Hu (2007). Thomson (2011) refers to this type as “complement-reduced

games” since the complement of the players that stay in the reduced game is also involved in the

reduced game.



The analysis of our paper may shed light on the discussion on the use of consistency
relative to a reduced game when comparing different solutions for cooperative games.
On that matter, Maschler (1990) advocates that the choice between two solution con-
cepts that can be characterized by the same set of basic properties plus consistency
relative to a reduced game (reduced games that are different 5 for the two concepts)
boils down to the examination of the reduced games. There are two strands of re-
search related to this view. The first strand is pursued by Chang and Hu (2007), who
propose a criterion to “distinguish” two different solutions through two different re-
duced games. The second strand includes Driessen and Radzik (2003), Yanovskaya and
Driessen (2002), and Yanovskaya (2004), which characterize reduced games directly.
Our approach is closer to the second strand since we adopt a pure axiomatic approach.

The remainder of the paper is organized as follows. In Section [2|, we recall basic
concepts, including the definition of reduced games. In Section |3| we introduce our
central concept of a value-free reduction, together with a list of properties that a v-f
reduction may satisfy. In Section [4, we develop a duality theory for v-f reductions. In
Section [5], we provide an axiomatic characterization of several v-f reductions, we discuss
the properties of anonymity and linearity, and we make a comment on non-additive v-f
reductions. In Section [6] we use our approach to characterize the Banzhaf and the
stand-alone values through consistency. Logical independence of each property in the
characterization of the HM v-f reduction is established in Section [7] In Section [§, we
conclude the paper. All proofs are collected in the Appendix.

2 TU games, values, and reduced games

Let an infinite set U represent the universe of the players. We restrict attention to
games where the set of players constitutes a finite subset of U. We denote Py, (U) the
set of all finite subsets of U.

A coalitional game with transferable utility (abbreviated as a TU game) is a
vector (N, v) where N € Py, (U) is the set of players and v : 2V — R satisfies v(@) = 0.
For S C N, v(S) represents the worth of the coalition S in the game v. The class of
all TU games with N as the set of players is denoted by G. Thus, the set of all finite
TU games is Uyep,,, @) GV.

A subgame of (N,v) € GV is a game (N’,v|y) € G for some N’ C N, where
vy (S) = v(S) for all S C N'.

For a fixed set of players NN, the set of all TU games G may be viewed as a vector



space. The zero vector of GV corresponds to the zero game (N,0) € GV. The worth
of the coalition S C N in (N,0) is 0(S) = 0. One particular subset of games that
we will use as a basis for GV is the set of unanimity games, which are denoted by
(N,ur) € GV for T € 2V \ {@}. The worth of the coalition S C N in (N,ur) is:

1 ifSDOT;
UT(S) =

0 otherwise.

Among the unanimity games, (N, uy) € GV depicts a particularly simple situation:
one unit of transferable utility is generated only when the grand coalition forms.

Cooperative game theory accords particular attention to the search of appealing
solution concepts and their characterizations through desirable properties from the
mathematics and/or economics points of view. Single-valued solutions for TU games
are called values. A value allocates a payoff to each player in a game, for every possible
game. Thus, a value ¢ prescribes, for each N € Pg, (i), each TU game (N,v) € GV,
and each ¢ € N, a payoff ¢;(N,v) € R.

The most prominent value is the Shapley value (Shapley, 1953), which is denoted
by Sh henceforth{f]

th(n—t—1)

Shi(N,v) = Y !Div(T),

TCN\{i}

n!

for any (V,v) € GV and for any i € N, where Div(T) = v(T U {i}) — v(T) denotes the
marginal contribution of player i to the coalition T C N \ {i}.

Another solution concept which we will discuss later is the Banzhaf value (see
Banzhaf, 1964, and Owen, 1975) which we henceforth denote by Ban:

1 )
Ban;(N,v) = Z T D*v(T).
TCN\{i}

We notice that, in contrast to the Shapley value, the Banzhaf value is not efficient
in the sense that the sum of the outcomes obtained by the players need not be v(V).

Two-player TU games constitute the most simple subclass of TU games. Unsurpris-
ingly, several solution concepts for TU games prescribe the same payoff when restricted

to this simple subclass. According to this prescription, in the game ({i,j},v) € G{#}

4 We follow the convention by using uppercase letters to denote sets of players and letting the
corresponding lowercase letters represent their cardinalities. For instance, the cardinality of N, N’,

and T are n, n/, and t.



each player k € {i,7} is assigned, on top of his stand-alone value, half of the surplus

generated from the collaboration:

wr({i, 7}, v) = v({k}) + %[’U({i,j}) —o({i}) —v({y D] (1)

This is, in particular, the prescription of the Shapley value and the Banzhaf value
for two-player games. Hence, it is commonly said that a value ¢ is standard for
two-player games if for each game ({i,5},v) € Gli}| ¢ satisfies equation (1.

For TU games with more than two players, solution concepts may be pinned down
by imposing consistency relative to some reduced games. In the literature, reduced
games are always associated with a solution concept as follows. Given a value ¢, a
reduction ¥¥ is a function that associates each TU game (N,v) € GV with a reduced
game (N, W% v (v)) € GV for any two finite sets of players N, N’ such that N’ C N
That is, a reduction applied on a game with a set of players IV specifies how to “reduce”
the game if it were to be played only by a subset N’ of N. Notice that the value ¢
appears in this function L_Uﬁ N @s a parameter, so that different values lead to different
ways of “reducing” a game in GV to a game in GV'.

Now we can formulate the definition of consistency of a value relative to some

reduction:

Definition 1. The value ¢ is consistent relative to the reduction W¥ if for all N, N’ €
Pin(U) such that N' C N, all (N,v) € GV, and all i € N,

@i(N/,Wﬁ’N/(U)) = p;(N,v).

Consistency of ¢ means that the prescribed payoff for any player ¢ € N’ in the
initial game (IV,v) according to the value ¢ is the same as that in the reduced game
(N, 5 n(v)) according to this value.

We close this section with two examples of reductions: the HM reduction (see Hart
and Mas-Colell, 1989) and the ONHF reduction (see Oishi et al., 2016).

Definition 2. Given a value o, the HM reduction WM¥ s defined by:

VAN (0)(S) = 0(SUNAN)) = D @ilSUN\ N, vlsumnan),

IEN\N'

for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

5 We call the operator ¥¥ a reduction, even though the previous literature does not address such
an operator abstractly. They propose the consistency property using reduced games, which are the

images of a concrete reduction.



The interpretation of the HM reduction is as follows. Given a value ¢, consider a
game (N,v) € GV that is reduced to be played by players in N’ C N. If a coalition
S C N’ is formed, then the players in S collaborate with all removed players in N\ N/,
which yields a worth v(S U (N \ N’)). However, each removed player i € N \ N’ is
entitled to ¢;(S U (N \ N'), v |suv\n7), his “fair” share of the worth of the coalition
SU(N\ N’). Then, the coalition S has a claim to the residual, which defines the worth
of coalition S in the HM reduced game.

Hart and Mas-Colell (1989) characterize the Shapley value as the unique value that
is consistent relative to the HM reduction ¥#M¥ and that is standard for two-player
games.

Oishi et al. (2016) obtain a different characterization of the Shapley value through
a reduction a la Hart and Mas-Colell by exploiting the self-duality of the Shapley value.
To define the ONHF reduction, we first introduce the following notation: given a TU
game (N,v) € G and S C N, we denote by (N \ S,v%) € GN\S the game defined by:

v3(T) = v(TUS) —v(S), (2)
forall T C N\ S.

Definition 3. Given a value p, the ONHF reduction WONTE? s defined by:
PO ) (S) = 0(s) - 3 @)+ S @iV 8,08,
iEN\N iEN\N’

for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

In contrast to the HM reduction, the intuition of the ONHF reduced game (as
acknowledged by Oishi et al., 2016) is more involved. To determine the worth of a
coalition S C N’ in an ONHF reduced game, we consider all the players in S together.
Forming the coalition S entitles the players in the coalition to offer their joint collabo-
ration to the rest of the players to play a new TU game (N \ S,v%) € G\, As defined
above, in this new game any coalition 7' C N \ S is formed with the collaboration of
S and T', which yields a worth v(7T"U S). The coalition S is entitled to two payments.
First, it receives v(S) in forming this game. Second, it makes a swap agreement with
the removed players: the coalition S pays ¢;(IV,v) to each player i € N \ N’, which
equals the amount i deserves in the initial game, and it collects the sum of what these
players receive in (N \ S, v®), which adds up to 2ienmav iV A\S, v%). The net payoff
for S after the two payments corresponds to its worth in the ONHF reduced game.

Oishi et al. (2016) show that the Shapley value is the only value that is consistent

relative to the ONHF reduction WONTF¥ and that is standard for two-player games.

9



3 Value-free reductions: Definition and axioms

The existing literature takes the values as the main object of study and considers the
reduced games associated with values to characterize particular values. By contrast,
our approach takes the reductions as the primitive concept, analyzes properties of the
reductions, characterizes some of them through the properties, and eventually uses the
reductions to derive values.

To develop our approach, we first formally introduce the concept of a value-free

reduction, that is, a reduction that does not make any reference to a value.

Definition 4. A value-free reduction (v-f reduction for short) ¥ is a function
that associates to each finite set of players N, each TU game (N,v) € GV, and each
subset N' C N, a TU game (N',¥n n(v)) € QNIE

Because of the defining feature of v-f reductions, we must forsake the superscript ¢
from a generic v-f reduction.

To illustrate the concept, we provide a first example of a v-f reduction. Example
defines ¥*"*, which we call the subgame v-f reduction According to this operator, the

value of any subset in the reduced game is the same as its value in the initial game

Example 1. We define the subgame v-f reduction ¥*** by:
VR (0)(S) = vlw (S) = v(9),
for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

Any v-f reduction induces one-player v-f reduced games. That is, a game (N, v) €
G" can be reduced to n games ({i}, ¥y 3(v)), for i € N. This procedure provides the
possibility of identifying the value of a player i in the game (IV,v) as the worth of the
coalition {i} in the v-f reduced game consisting of this player only. We propose the

following definition of the value induced by a v-f reduction:

Definition 5. The value ¥ induced by a v-f reduction ¥ is, for all (N,v) € GV and
allt € N,
w7 (N, v) = gy (0)({i}).

6 We allow for the possibility that N’ = N for convenience.
7 We refer to all the examples of value-free reductions as “v-f reductions” even though the use of

“v-f” is not always necessary.
8 Myerson (1980) uses the subgame operator to define his famous balanced contributions property

of the Shapley value.
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For instance, the value induced by the subgame v-f reduction is the stand-alone

value:

ol (N, v) = TR (0)({i}) = v({i}),
because the prescribed payoff of the value induced by the subgame v-f reduction for all
i€ Niswvlg ({i}) = v({i}).

We now propose and explain some properties that v-f reductions may satisfy. We
see v-f reductions as a way to remove players from a game while keeping the remaining
players’ strategic prospect intact. Thus, we suggest properties that may be coherent
with this view.

We first introduce a minimum requirement of a well-behaved v-f reduction, the

path-independence property:

Axiom 1. A v-f reduction ¥ is path independent if for all Ny, No, N3 € Pg,(U) such
that N3 C Ny C Ny, then

gpNz,NS © leLNz = !pNthﬂ

Path independence means that, for any game (N, v) € GV, the way players in N\ N’
are removed to reach the v-f reduced game of (N,v) with N’ as the remaining players
should be irrelevant. In particular, it should not matter whether a player’s removal
precedes another player’s or if they are removed simultaneously. The only relevant
information is the set of players who remain at the end.

Reduced games were introduced in the literature to study the consistency of val-
ues. Then, it is natural to ask about the consistency of the value induced by a v-f
reduction with respect to that reduction. Although Definition [1] refers to consistency
relative to a reduced game (and not to v-f reduced games), the definition can be easily
accommodated. Proposition |1/ shows that the value induced by a v-f reduction is indeed

consistent if the v-f reduction is path independent.

Proposition 1. The value ¥ induced by a path-independent v-f reduction ¥ is consis-

tent relative to V.

Our second axiom on v-f reductions is additivity:

Axiom 2. A v-f reduction ¥ is additive if for all N, N' € Py, (U) such that N' C N
and all (N,v1), (N,vy) € GV, then

Un N (01 + v2) = Uy N (V1) + Py v (V2).
9 The symbol “o” denotes the composition of two functions: for f : X - Y and g:Y — Z,
go f(x)=g(f(z)) € Z forallz € X.

11



To put it in words, additivity means that if game (N,v) is the sum of two games
(N, vy) and (NN, vy), then directly reducing (N, v), and reducing (N,v;) and (N, v9) and
then summing the corresponding reduced games, give the same result.

We will use additivity in our characterizations. Since we use the concept of a linear
v-f reduction later and in some of the proofs in the Appendix, we introduce linearity

here. A v-f reduction is linear if it satisfies the axioms of additivity and homogeneity.

Axiom 3. A v-f reduction ¥ is homogeneous if for all N,N' € Pp;,,(U) such that
N'C N, all (N,v) € GY, and all « € R, then

!pNJV/(Oé’U) = Oéq—/NyN/(U).

Homogeneity of a v-f reduction ¥ means that the scale in which we measure the
worth of the coalitions in a TU game does not influence how the game is reduced.

Our next two axioms concern the consequences of the presence of “null players” in
the game, that is, players who do not contribute to any coalition, on the reduced game.

Before introducing the axioms, we formally define null players.

Definition 6. A playeri € N is a null player in a TU game (N,v) € GV if Div(S) =
0 for all S C N\ {i}.

Given that null players have no impact on the worth of any coalition, it may seem
reasonable that they also have no impact on the reduction of games. Thus, we propose

the following property:

Axiom 4. A v-f reduction ¥ satisfies the null player out property if for all N €
Pun(U), all i € N, and all (N,v) € GV such that player i is a null player in (N,v),
then

VN (0) = vlng -

The null player out property means that if a null player is removed from the game,
then his removal has no effect on the worth of coalitions in the game without him. The
axiom reflects the idea that given that a null player has no influence on the game, the
worth of any coalition should not change if the game is reduced because he is removed.

Moreover, a null player should gain no influence after a reduction:

Axiom 5. A v-f reduction ¥ satisfies the permanent null player property if for all
N, N’ € Ppn(U) such that N' C N, alli € N', and all (N,v) € GV such that player i is
a null player in (N, v), then player i is also a null player in (N', ¥y n/(v)).

12



The interpretation of the permanent null player property is that if a player is a null
player in the initial game, then he is still a null player after the removal of some other
arbitrary players.

In general, null player out and permanent null player properties reflect the rationale
perceiving null players as irrelevant or redundant. Still, they are distinct axioms, as we
will show in Section [7, where we analyze the logical independence of the axioms.

Our last set of axioms provides alternative views of how the reduction of a game is
affected by changes in the worth of coalitions of the same size. Indeed, it is conventional
to postulate the monotonocity principle that a player’s strategic perspective should be
monotonic with respect to the worth of the coalitions containing him (see, e.g., Young,
1985). In line with this principle, if we consider, for example, a symmetric game and
we increase the worth of all coalitions of the same size by the same amount, then the
enhancing strategic effects for the players may be entirely canceled out. This reasoning
is akin to the disagreement convexity in Peters and van Damme (1991) in the context
of the bargaining problem: if each player’s disagreement point is increased properly,
then the solution should not be changed.

Our version of addition invariance properties borrows from ideas developed by Béal
et al. (2015). In our formulation, we follow the terminology used in that paper, which

we introduce here:

Definition 7. Given the set of players N, for all k € Z. such that k <n, and o € R,
the game (N, w(q)) € GV is defined as follows: for all S C N,

a if [S|=Fk;
Wk,a)(S) =
0  otherwise.

The game (IV, w,q)) is a useful tool to express an identical increase or decrease in
the worth of all coalitions of size k in a TU game (N, v) as the addition of (N, w,a))
to (N, v).

We point out that the reduction of a game necessarily leads to losing some informa-
tion contained in the characteristic function v since the domain of the reduced game
is a proper subset of that of the initial game. Our first invariance axiom suggests dis-
carding the information contained in the level of the worth of the coalitions of size one.
The reduction may depend on the relative worth of the singletons, that is, whether the
stand-alone coalition of one player has a higher or lower worth than the stand-alone
coalition of other players. However, the axiom postulates that the reduction cannot

depend on whether the worth of all the one-player coalitions is high or low. We can
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translate this idea to the property that if the worth of every coalition of size one in the
unanimity game (N, uy) € GV is increased or decreased by the same amount, then the

reduction of the game uy should not change.

Axiom 6. A v-f reduction ¥ satisfies 1-addition invariance if for all o € R and all
N,N'" € Pg,(U) such that N' C N, then

Uy N (un + w(l,a)) = WUy N (uy).

Our second invariance axiom proposes an alternative property, in the same spirit
as the previous one. It prescribes what happens after an increase or decrease in the
worth of every coalition except the grand coalition, where the change in the worth is
proportional to the number of players in the coalition. The axiom requires that the

change does not affect the reduction of the unanimity game.

Axiom 7. A v-f reduction ¥ satisfies proportional addition invariance if for all
a €R and all N,N' € Pg,(U) such that N C N, then

n—1

WN,N/<UN =+ Zw(kyka)) = WN,N’ (UN)
k=1

The previous two axioms share the view that the reduction of the game leads to
the loss of information from the worth of coalitions smaller than the grand coalition.
Our third invariance axiom takes the opposite view. It postulates that the worth of the

grand coalition should not affect the reduction of the unanimity game.

Axiom 8. A v-f reduction ¥ satisfies grand-coalition invariance if for all « € R
and all N, N" € Pgn(U) such that N' C N, then

Uy v (un + w(n,a)) = Uy v (un).

Before we turn to the characterization of several v-f reductions in Section [3], we
first propose a duality theory for v-f reductions in Section [4 We adapt the approach
of Oishi et al. (2016). The main difference of our approach is that we take the v-f
reductions as primitive, while Oishi et al. (2016) stick to the conventional view that
takes the solution concepts as primitive and uses reduced games to characterize solutions

in terms of consistency. We use our duality theory in two characterizations of Section

Bl
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4 Duality theory for value-free reductions

We first recall the definition of the dual of a game and the dual of a value. For a TU
game (N,v) € GV, the dual of (N, v) is the game (N,v*) € GV, defined by:

v*(5) = v(N) —v(N\ 5), (3)
for all S C N. For a value ¢, the dual ¢* of ¢ is defined by the value:

¢"(N,v) = (N, v"), (4)

for all (N,v) € GV and all N € Py, (U).
A value is self-dual if ¢ = p*. Examples of self-dual values include the Shapley
value and the Banzhaf value.

We now define the dual of a v-f reduction:

Definition 8. The dual ¥* of a v-f reduction ¥ is defined, for all N,N' € Pg,(U)
such that N' C N, and all (N,v) € GV, as

W (v) = (T ne (V7)) .

That is, consider a v-f reduction ¥ and a game (N,v). The dual v-f reduction of
(N,v) consists in first, applying ¥ to the dual of (/V,v), and then taking the dual of
the reduced game.

We already know that the dual operator for TU games is reflexive because (v*)* = v.
The dual operator for v-f reductions is also reflexive, that is, (¥*)* = WF_UI

If the v-f reduction is path independent, then we can relate the concepts of duality
for values and for v-f reductions. Indeed, by recognizing that a one-player TU game
coincides with its dual, we obtain the result that the concept of the dual of a value is

compatible with the concept of the dual of a v-f reduction:

Proposition 2. The value induced by a path-independent v-f reduction is dual to the

value induced by the dual v-f reduction:

(¢")" =" ()

An immediate corollary of Proposition [2]is the following:

1% This property holds because for all (N,v) € GV and all N’ C N: (¥*)} y/(v) = (T n, (v*))* =
(&N, N (v9)*)*)* = TN N/ (v), where the last equality uses twice that the dual operator for TU games

is reflexive.
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Corollary 1. The value induced by a path-independent v-f reduction is self-dual if and
only if it is also induced by the dual of the v-f reduction.

We also define dual properties, or axioms, of v-f reductions.

Definition 9. Consider two properties P and P* regarding v-f reductions. We say that
property P is dual to property P* if for all v-f reductions ¥,

VU satisfies P <= W™ satisfies P*.

We say that a property is self-dual if it is satisfied by a v-f reduction if and only if
it is satisfied by the dual of the v-f reduction:

Definition 10. P is self-dual if P is dual to itself, that is, for all v-f reductions ¥,
VU satisfies P if and only if W* satisfies P.

An important result, very helpful in the characterization of v-f reductions, is that

the basic axioms that we use are all self-dual, as Proposition [3| states.

Proposition 3. The azioms of additivity, null player out, permanent null player, and

path independence of v-f reductions are all self-dual properties.

5 Characterization of several value-free reductions

In this section, we use the axioms of additivity, null player out, permanent null player,
and path independence to characterize several v-f reductions. Each characterization of
a v-f reduction uses an additional invariance axiom.

Before presenting our characterizations, we state an intuitive property that is com-
mon to the v-f reductions that are path independent and satisfy the axiom of null player
out: a game will be unchanged after a reduction where no player is removed. We state

this property in Remark [1, which we will use in the proofs of the characterizations.

Remark 1. If a v-f reduction ¥ satisfies null player out and path independence, then
for all N € Py, (U) and all (N,v) € GV,

!pNJ\f(’U) = 0.
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5.1 Characterization of the subgame value-free reduction

The subgame v-f reduction ¥**, defined in Example , satisfies our four basic axioms.
Moreover, it is characterized with the help of the axiom of grand-coalition invariance
(Axiom , which postulates that changes in the worth of the grand coalition should

not influence the way in which the unanimity game is reduced.

Theorem 1. A v-f reduction ¥ satisfies additivity, null player out, permanent null

player, path independence, and grand-coalition invariance if and only if:
v = lpsub.

Given that the axiom of grand-coalition invariance emphasizes how difficult coor-
dination is for players striving to achieve the worth of the grand coalition, since the
worth of the grand coalition is irrelevant for the reduction, it is reasonable that it leads
to the characterization of a v-f reduction where those outside the reduced set of players

have no role: the worth of any subgame coincides with that in the initial game.

5.2 Characterization of the HM wvalue-free reduction

Next, we study the consequences of including the axiom of 1-addition invariance. It
requires that an identical increase or decrease in the worth of all the one-player coali-
tions in a game should not affect the reduction of the game. Interestingly, 1-addition
invariance together with our four basic axioms characterize the value-free version of
the most popular reduced game, the HM reduction (see Definition . We call this v-f
reduction the HM v-f reduction and we denote it by ™. We construct the HM v-f
reduction by substituting ¢ = Sh in wHM?,

Example 2. We define the HM v-f reduction W by[M|

U (0)(S) =0(SUN\N)) = > Shi(SU N\ N'),v[sumnam)

iEN\N

= " Shi(SU N\ N'),v|sumnan),
€S

for all S, N, N'" € Pg,(U) such that S C N’ C N and all (N,v) € GV.

Theorem [2] states the characterization. It also stresses that, as one could expect,

the HM v-f reduction induces the Shapley value.

11 The second equality is implied by the efficiency of the Shapley value.
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Theorem 2. A v-f reduction ¥ satisfies additivity, null player out, permanent null

player, path independence, and 1-addition invariance if and only if:
v =gHM,

LDHM

Moreover, induces the Shapley value.

Theorem [2| provides a characterization of ¥#M that is particularly interesting be-
cause it is based on a property (the l-addition invariance) which seems unrelated to
the definition of the reduction. On the one hand, the idea behind the reduction of
a game (N,v) € G to (N, ¥{¥.(v)) is that the worth of a coalition S C N’ in
(N, Wﬁ M,(v)) is computed taking into account that the players in S profit from the
collaboration with every removed player i € N \ N’, who is entitled to a compensation
of Shi(SU (N \ N'),v|sumw\n1)- On the other hand, the notion of 1-addition invari-
ance concerns the effect of identical changes in the worth of the one-player coalitions.E
Therefore, Theorem [2| highlights that a characteristic property of the HM v-f reduction
is that it is immune to changes in the strategic prospects of the players derived from
the changes in their stand-alone worth, as long as the changes are identical for every
player.

We illustrate how the axioms in the theorem allow to pin down the HM v-f reduc-
tion in two-player games. Consider a v-f reduction ¥ satisfying the axioms. Then, for
an arbitrary game ({1,2},v) € GM3, we can write v = aqugy + a2ugy + Wi an),
where o; = S(v({i,5}) + v({i}) — v({j})) for i,j € {1,2} such that ¢ # j, and
ap = 1(v({1}) + v({2}) — v({1,2})). We use the properties to find, for example,
Wi 23,013 (v) ({1}). First, since player 2 is a null player in ({1, 2}, ajugy), null player out
implies that ¥ 2y 13 (qugy) ({1}) = aqugy({1}) = . Second, player 1 is a null player
in ({1,2}, apugoy). Hence, by permanent null player, ¥ 2y 113 (ooug2y)({1}) = 0. Third,
1-addition invariance and additivity imply that ¥ 9y (13 (W(1,015))({1}) = 0 because the
v-f reduction of ({1,2},wq,a,,)) must be the same as the v-f reduction of the zero
game. Finally, we use additivity to obtain ¥g 0y (13(v)({1}) = @y = Shi({1,2},v) =
VY 0y (@)1,

The same arguments can be used for games with more than two players. However,
they must be complemented with the property of path independence. For instance, for
three-player games, we need to compute terms such as ¥ 23y (13 (@12uqi0y)({1}). To

do this computation, we need to use path independence to ensure that the previous

12 1-addition invariance together with additivity imply that ¥ n/ (v + w(1,q)) = PN, N (v) for any
(N,v) e GN.
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reduction is equal to ¥ 2y (13 (Yi1,2,33, 11,23 (Q12%q1,23) ) ({1}) which, since player 3 is a null
player in ({1,2,3}, cuouqi,2y), is equal to ¥ 9y q13(couqi2y)({1}) by null player out.
Because of our analysis of the two-player games, we also know that this corresponds to
Wi 0y (@i2uqi2))({1}). The proof in the Appendix extends the previous arguments

to show that the five axioms (and an induction argument) lead to Theorem [2}

5.3 Characterization of the ONHF value-free reduction

In the previous subsection, we define the value-free version of the HM reduction. We
can use the same method to define the value-free version of the ONHF reduction,

WONHE wwhich we will refer to as the ONHF v-f reduction:

Example 3. We define the ONHF v-f reduction WONIT by [T

CONIE (0)(S) =u(S) — > Shi(N,v)+ Y Shi(N\ S, v%)

IEN\N’ iEN\N'

=" Sh(Nv) — Y SN\ S, 05), (6)

teEN’ 1EN'\S
for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

Oishi et al. (2016) construct the ONHF reduced game as the dual of the HM

u'/ONHF !pHM

reduced game. Hence, it is no surprise that is the dual v-f reduction of

We state this result as a corollary of the analysis developed by Oishi et al. (2016):
Corollary 2. The v-f reduction WONTF s the dual of the v-f reduction WM.

As we proved in Section [4] additivity, null player out, permanent null player, and
path independence are all self-dual properties. Given that they are satisfied by 7™

WONHE als0 satisfies these axioms. On the other hand, the property of 1-addition

PHM i not self-dual.

invariance, which is the additional axiom that characterizes
Proposition states that the dual property of the 1-addition invariance is the (n—1)-

addition invariance axiom, defined as follows:

Axiom 9. A v-f reduction ¥ satisfies (n-1)-addition invariance if for all @ € R
and all N,N" € Pg,(U) such that N C N,

Unn (Un + Win-1,0)) = Y v (un).

13 The two expressions for WONHE are equivalent because Yienmn Shi(N,v) = v(N) —
ZieN’ Shi(va)7 ZieN\N/ Shz(N\S7vS) = US(N\S) - ZieN/\S Shi(N\vaS)a and US(N\S) =
v(N) —v(5).
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Proposition 4. The dual of the 1-addition invariance axiom is the (n — 1)-addition

muariance axiom.

In conjunction with the interpretation of the 1-addition invariance property provided
in the previous section, there is a dual interpretation of the (n — 1)-addition invariance
property. This axiom requires discarding the information contained in the level of the
worth of the coalitions of size (n — 1) (instead of the information contained in the level
of the worth of the coalitions of size 1).

Theorem [3| provides our characterization of WON#E Tt can be thought of as a dual
theorem to Theorem [2] as it gives a characterization of the dual of ¥ through the
dual properties of the axioms used in Theorem [2 The theorem also states that the

WONHE y_f reduction induces the Shapley value.

Theorem 3. A v-f reduction ¥ satisfies additivity, null player out, permanent null

player, path independence, and (n — 1)-addition invariance if and only if

U — WONHF.

wONHF

Moreover, induces the Shapley value.

Theorems |2 and |3| together reveal a distinctive difference between WH#M and its dual,
YONHE Nhereas the HM v-f reduction postulates that the strategic prospects of the
agents should not change after an identical modification in the worth of every stand-
alone coalition (the 1-addition invariance property), the ONHF' v-f reduction considers
that the players’ strategic prospects should not change after an identical modification

in each player’s maximum compensation (the (n — 1)-addition invariance property).

5.4 Value-free reductions inspired by the bidding mechanism

We have characterized v-f reductions that bear some relationship to existing reduced
games. In the current subsection, we propose and characterize two new v-f reductions.
They link our approach to the theory of implementation. Indeed, the first v-f reduction
is based on the out-of-equilibrium payoffs obtained at the Pérez-Castrillo-Wettstein
(PW) bidding mechanism (see, Pérez-Castrillo and Wettstein, 2001), which implements
the Shapley value. The second v-f reduction is the dual of the first. Thus, we start by
explaining the bidding mechanism, and its equilibrium.

In the PW bidding mechanism, each player j € N in a game (N,v) € GV makes a
bid b:? € R to each player ¢ # j. The player with the highest total net bid (the difference
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between a player’s total bid to the others minus the sum of the bids the others make to
him) is chosen as the proposer (let’s denote him by «). The proposer « pays the bids to
the rest of the players and makes them an offer to join him. If the proposal is accepted,
then a pays the offers that he has made to the other players (in addition to the bids
that he has already paid), forms the grand coalition, and receives the worth v(N). If
the proposal is rejected, then « is removed from the game and obtains the worth of his
stand-alone coalition v({a}). The rest of the players, that is, the set N\ {a}, keep the
bids and play the same game again among them.

At the subgame perfect equilibrium of the bidding mechanism, any player j € N
bids b] = Shi(N,v) — Shi(N \ {j},v |x) to each player i # j and the proposer a
makes an offer that is accepted (see, Pérez-Castrillo and Wettstein, 2001). The offer
submitted to the players in N \ {«} makes them indifferent between accepting the offer
and playing the new game among them (because this is the continuation outcome of the
mechanism in case of rejection). That is, the offer to each player is the payoff that this
player would obtain in the “reduced game” where the set of players is N\ {a}. In this
reduced game, the assets of any coalition S C N \ {a} are composed by two elements:
the worth of the coalition and the sum of the bids that the players in .S collect from «,
that is, v(S) 4+ > ,cq b8 = v(S) + D ;cg(Shi(N,v) — Shi(N \ {a},v|nfa}))-

If we continue deleting players, we obtain the extension of the previous formulae
for the reduced game played by any N’ C N (which corresponds to a situation where
the players in N \ N’ were proposers in the bidding mechanism with their proposals
being rejected and with their bids being collected). This way, we define the following

v-f reduction:

Example 4. We define the PW v-f reduction W' by:
U (W) (S) = v(S) = Y Shi(N',v|ne) + Y Shi(N,v), (7)
i€S ieS
for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.
Theorem 4| shows that W is characterized in a similar way to Theorems , and

Bl It uses the alternative property of proportional addition invariance, which we have
described in Section [3] (see Axiom [7)).

Theorem 4. A v-f reduction ¥ satisfies additivity, null player out, permanent null
player, path independence, and proportional addition invariance if and only if
=y

LDPW

Moreover, induces the Shapley value.
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Theorem W also identifies the value gp‘”PW induced by the path-independent v-f re-
duction YW Given that the PW bidding mechanism implements the Shapley value,
it is unsurprising that the value induced by the reduction is also the Shapley value.
On the other hand, nothing in the bidding mechanism suggests that the equilibrium
bids are related to the size of the coalitions. Therefore, the characterization of the PW
v-f reduction owing to the axiom of proportional addition invariance provides a new
perspective on the out-of-equilibrium payoffs of the players in the bidding mechanism.

We now use the duality theory developed in the previous section to provide and
characterize another v-f reduction, the dual of " which we denote by ¥*"". To
that end, we first identify the dual of the proportional addition invariance (since the
other axioms used in the characterization of Theorem 4] are self-dual). The proportional
addition invariance prescribes that a change in the worth of every coalition (except for
the grand coalition) that is proportional to the size of the coalition, should not affect
the strategic possibilities of the players, hence it should not affect the reduction of the
unanimity game either. The reverse-proportional additional invariance axiom proposes
that the reduction should not be affected if the worth of every coalition is changed in

reverse proportion to their size.

Axiom 10. A v-f reduction ¥ satisfies reverse-proportional addition invariance
if for all o € R and all N, N' € P, (U) such that N' C N, then

n—1

Un,n(un + Z Wik (n—k)a)) = n.n (Un)-
k=1

Proposition 5. The dual of the proportional addition invariance axiom is the reverse-

proportional addition invariance axiom.
Theorem [5| provides the characterization of V" which we formally define in Ex-
ample [F{]
Example 5. We define the PW* v-f reduction W' by:
Ui (0)(S) = 0(SU(N\N') = u(N\N) =Y Shi(N', v™N') + >~ Shi(N,v), (8)

€S €S

for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

Theorem 5. A v-f reduction ¥ satisfies additivity, null player out, permanent null

player, path independence, and reverse-proportional addition invariance if and only if

v =w"

14 See the Appendix for the derivation of the expression for w7V,
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Moreover, WFW™ induces the Shapley value.

We note that Example 5[ and Theorem [5| suggest the possible existence of a PW-
style bidding mechanism such that its subgames on the off-equilibrium path would
correspond to the dual PW v-f reduction. Sun (2020) constructs such a mechanism
and shows that it implements the Shapley value.

Taken together, Theorems [2| to [5| provide additional evidence that the Shapley value
is a solution concept with strong properties. Indeed, it is induced by v-f reductions
that are characterized by very diverse invariance properties. We can use an operator
that reduces a game so as to keep the same players’ strategic possibilities after an
identical change in the worth of all the one-player coalitions or of all maximum possible
compensations; or after a change that is proportional to the number of players in any
subcoalition, or that is reverse to the number of players in any subcoalition. The

Shapley value is attained after any of those different reductions.

5.5 A value-free reduction inducing the Banzhaf value

The objective of this subsection is to illustrate how to use our approach to characterize
v-f reductions that induce solution concepts different from the Shapley value, or the
stand-alone value. In particular, we propose a v-f reduction that induces the Banzhaf
value, which we introduced in Section

Dragan (1996) proposes a reduced game which is implicitly defined by a functional
equation to axiomatize the Banzhaf value[”| In contrast, we propose a v-f reduction
that is based on the same basic axioms used in our previous characterizations, to which

we add a new axiom that we call the “maximum ignorance” property:

Axiom 11. A v-f reduction ¥ satisfies mazimum ignorance if for all N € Pg,(U)
such that |[N| > 2, alli € N, all o € R, and all S C N\ {i},

Wy gy (i ) (S) = %UN(S U {i}).

The maximum ignorance property takes the view that when player 7 is removed

from the scene, he is still able to exert influence on the rest of the players, but his

15 The reduced game ¥¥ proposed by Dragan (1996) is implicitly defined as follows: for all S, N, N’ €
Pfin(U) such that S C N’ C N and all (N,v) € GV,

> Bani(S,¥§ v (v)s) = Y Bani(SUN\N'),vlsuivvn)— > @i SUN\N'), v]suna))-
iesS i€ESU(N\N') iEN\N’
(9)
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influence is uncertain. The resulting reduced game is a game of the remaining players
contingent on the removed player’s behavior. However, unlike for instance the HM v-f
reduction, the model analyst is totally ignorant of the removed players’ behavior. So the
predicted distribution should be the one with the maximum entropy, which is, player
i independently chooses to join or leave with equal probability (for an introduction
to the principle of maximum entropy, see e.g., chapter 11 of Jaynes, 2003). Then
(N, Wy n(un)) can be interpreted as the resulting expected game.

The reduction that we propose is given in the next example. We call it the Banzhaf

v-f reduction.
Example 6. We define the Banzhaf v-f reduction W5 by:

PGS = Y st (SUT) (D)) (10)

TCN\N’

for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

We can interpret the Banzhaf v-f reduction as follows. Consider a game (N,v) € GV
that is reduced to be played by players in N/ C N. The players in the coalition S C N’
can collaborate with any subset 7' of the set of removed players N \ N’. Then, they
obtain a worth of v(S U T) but they have to compensate the players in 7" with the
worth of their coalition v(T). Each of the possible coalitions T C N \ N’ has the
same probability of being available. Therefore, the worth of a coalition S C N’ in
(N, W% (v)) is the simple average of the marginal worth that S can add to the worth
of the coalitions T C N \ N'.

Theorem @ provides an axiomatic characterization of 5", It also postulates that

Ban
Y7 = Ban.

Theorem 6. A v-f reduction ¥ satisfies additivity, null player out, permanent null

player, path independence, and the maximum ignorance property if and only if
v = whom,

Moreover, U™ induces the Banzhaf value.

5.6 The axioms of anonymity and linearity

In this subsection, we discuss two additional properties that v-f reductions can satisfy:

anonymity and linearity.
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One sensible property that many values satisfy is anonymity, which requires that the
players’ names are irrelevant for the value they obtain in the game. We can propose an
axiom for v-f reductions in the same spirit. The axiom of anonymity for v-f reductions
requires that the name of the players does not matter in the reduction of the game. To
formally define the axiom, let o : N — U be an injection. For (N,v) € GV, we define
ov € G°'W by ou(T) = v(e~Y(T)) for all T C o[N].

Axiom 12. A v-f reduction ¥ satisfies anonymity if for all S,N', N € Pg,(U) such
that S C N' C N, all (N,v) € GV, and all injections o : N — U, then

Yoo (00) (0 [S]) = W (0)(S). (11)

Anonymity of a v-f reduction implies that the contribution of a player in the reduced
game depends not on his name but on his contribution in the initial game. It also implies
that if two players in the initial game are identical in terms of their contribution, then
the reduced game if one of them is removed should be the same if the other is removed.

We notice that although anonymity refers to the way games are reduced according
to v-f reductions, it has implications for the prescribed payoff that equal players obtain
in the induced value. In fact, if we substitute both N’ and S with {i} in Axiom
we have Wy (;3(v)({i}) = o {00y} (0v) ({o(7)}), which is, ¢} (N, v) = gof(i)(a[]\f],av).
Therefore, anonymity of a v-f reduction ¥ implies anonymity of its induced value ¢?.

We state this result in Proposition [0}

Proposition 6. If a v-f reduction ¥ satisfies anonymity, then the induced value p¥

satisfies anonymity as well.

None of the axioms used in the characterizations provided in Theorems [1] to [0] is
related to the idea of anonymity. However, Proposition [7] whose proof is immediate,
shows that all of the v-f reductions characterized in our paper satisfy the axiom of

anonymity.

Proposition 7. The v-f reductions WS, wHM GONHE pPW @ PW™ = qnd yrBan satisfy

anonymity.

Given that all the characterizations use the axioms of additivity, null player out,
permanent null player, and path independence, one may think that these axioms im-
ply anonymity. Moreover, like the aforementioned axioms, we can easily check that
anonymity is a self-dual property. However, Example [7| satisfies our four basic proper-

ties although it does not satisfy anonymity.
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Example 7. Given X C U, the v-f reduction ¥~ is defined by

U (0)(S) =) Shi(S U (N \ N') 1 X), vlsuviannx)

€S
=) Shi(N'U((N\N') N X), vlvunanny) + Y Shi(N,v), (12)
i€S €S

for all S, N', N € Py;,(U) such that S C N' C N and all (N,v) € GV.

Proposition 8. The v-f reduction WX satisfies additivity, null player out, permanent
null player, and path independence for any X C U. However, it does not satisfy

anonymity.

Finally, let us mention that all the v-f reductions that we have characterized also
satisfy linearity, that is, they are homogeneous (see Axiom . As anonymity, ho-
mogeneity is not implied by our four basic axioms. The construction of an example

requires the use of a Hamel basis and we provide it in the Appendix.

5.7 A comment on non-additive value-free reductions

Like the classical axiomatization of the Shapley value, our axiomatizations of v-f re-
ductions rely on additivity. It is immediate that the value induced by an additive v-f
reduction is necessarily additive as well. Hence, all the values characterized by v-f re-
ductions that satisfy our basic axioms are additive, as is the case for the Shapley, the
stand-alone, and the Banzhaf values.

However, we can also consider non-additive v-f reductions. Such reductions can
induce non-additive values, such as the prenucleolus PN (Schmeidler, 1969).@] We
illustrate here this possibility by adapting the Davis-Mascher (DM) reduced game,
which allows characterizing the prenucleolus in terms of consistency (Sobolev, 1975).
We start by formally defining the prenucleolus.

Denote by X (IV, v) the set of preimputations of the game (N, v), that is, z € X (N, v)
if v € RN and ),y 2; = v(NN). For each preimputation z € X (N, v) and each coalition
S C N, we denote by eg(x) = > ,. g v —v(S5) the “excess” of coalition S at z. Also, we
denote by e(z) = (es(x)) sean\ (2} the vector of excesses, where the entries are arranged

in increasing order. Finally, for z,y € X(N,v), we denote by e(x) =, e(y) if the vector

16 Schmeidler (1969) defines the nucleolus for 0-monotonic TU games. Throughout our paper, we
focus on v-f reductions defined on an unrestricted domain, so we consider the prenucleolus rather than

the nucleolus. The latter is empty for those TU games with an empty set of imputations.
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e(x) is lexicographically superior to e(y)E] We can now define the prenucleolus:
PN(N,v) = {z € X(N,v): Py € X(N,v) s.t. e(y) =1 e(z)}.

We construct the v-f version of the DM reduced game as we did for the HM and
ONHF v-f reductions: We take the original reduced game, and we substitute the generic
value used in that game by the particular value that it helps to characterize. For the

DM, we use the prenucleolus:

Example 8. We define the DM v-f reduction WP by:

(0(V) = Xseni PAA(N, v) ifS=N'CN,
DL ) maxpen v v(SUT) =37 PNy(Nv)  if @ #S SN CN,
LpN,N/(”)(S) =
v(9) if N'= N,
0 ifS—o,

for all S, N, N € P, (U) such that S C N' C N and all (N,v) € GV.

The v-f reduction ¥P”M is not additive and, as one can expect, it induces the prenu-
CleolusEg] Moreover, it satisfies null player out and permanent null player, as well as

anonymity. However, we do not have a characterization of the DM v-f reduction.

6 New characterizations of the Banzhaf and the

stand-alone values

We have based some of our examples of v-f reductions on existing reduced games, which
were introduced to study the internal consistency of values. In this section, we consider
the reverse process. We take a v-f reduction ¥ that is defined without reference to an
existing reduced game. We look for value-reductions ¥¥ such that ¥ = " where
7" results from substituting the value ¢? induced by the v-f reduction ¥ in ¥,
This process may identify reduction games ¢ that would allow the characterization of
solution concepts using consistency properties (as in Hart and Mas-Colell, 1989, and
Oishi et al., 2016).

17 That is, there exists t' € {1,2,...,2" — 2} such that e;(x) > e;(y), for t = 1,...,#" and ey (x) >

ev (y)-
18 Indeed, cp%ﬁ%(Nm) = RV () {i}) = v(N) = X em iy PN (N,v) = PN(N,v), where the

last equality follows from efficiency of the prenucleolus.
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We conduct such a reverse process by introducing a new reduced game that, follow-
ing the terminology used in Lehrer (1988), we call the “amalgamating reduced game.”
We denote it by 4%, Tt is inspired by the definition of the Banzhaf v-f reduced game
wBan 1t satisfies that if we substitute ¢ for the Banzhaf value Ban (which is the value
induced by ¥5) in ¥4 then g AP — g Ban (see the Appendix).

The definition of ¥4¥ requires some premiliminaries. For (N,v) € GV and S €
2N\ {2}, we may “amalgamate” the coalition S into one player and denoted him by
S. Formally, we define the S-amalgamated game ((N \ S)U{S},vs) (Lehrer, 1988) by:

v((T\{SHuUS) ifSeT,

Us (T) =
u(T) otherwise.

Then we define the amalgamating reduced game (A reduction, for short) ¥4% as follows:

Definition 11. Given a value @, the A reduction WA% is defined by:

ps((N\ N)U{S}, (v]sumam)s) if S €2V \ {a},

Uy (0)(S) =

for all S, N', N € Ps,(U) such that S C N’ C N and all (N,v) € GN.

To interpret the A reduction, consider a value ¢, a TU game (N,v), and a coali-
tion N’ C N. Similar to the HM reduced game, every non-empty coalition S C N’
collaborates with all removed players in N \ N’; and players in N’ \ S exert no influ-
ence. However, in the A reduction, the coalition S is treated as an individual player.
Moreover, while in the HM reduced game, the worth of S is the residue after paying
up those players in N \ N’, the worth of S in the amalgamating reduced game is what
is due for S as a single player according to .

The reduced game ¥4 allows the characterization of the Banzhaf value in a parallel
manner as Hart and Mas-Colell (1989) and Oishi et al. (2016) characterize the Shapley
value: The Banzhaf value is the only value that is consistent relative to the A reduction

and that is standard for two-player games. We establish this result in Theorem [7]
Theorem 7. Let ¢ be a solution. Then:

(i) @ is consistent relative to WA¥; and

(ii) @ is standard for two-player games;
iof and only if p 1s the Banzhaf value.
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The Banzhaf value is not the only value that is consistent relative to the A reduction.
The stand-alone value is also consistent relative to the amalgamating reduced game.
Interestingly, it can also be characterized by consistency plus the behavior of the value

in the two-player games.
Theorem 8. Let ¢ be a solution. Then:

(i) o is consistent relative to ¥4, and

(ii) ¢ coincides with the stand-alone value for two-player games;
if and only if v is the stand-alone value.

Theorems [7|and |8 provide new characterizations of the Banzhaf and the stand-alone
values. They also highlight that, once the “right” consistency requirement is applied,

they only differ in their prescriptions for two-player games.

7 Logical independence

In this section, we show that our characterization of the HM v-f reduction is minimal
in the sense that none of the characterizing properties can be deduced from the rest.
Each time we leave out one axiom, we can find examples of v-f reductions satisfying
the remaining four properties.

First, as we have already shown in Theorems 1], 3] and {4, the subgame v-f reduction,
the ONHF v-f reduction and the PW v-f reduction satisfy all the axioms but 1-addition
property. Examples[9] [0} [TT]} and[I2show that the axioms of null player out, permanent

null player, additivity, and path independence are not redundant either.
Example 9 (No null player out). Let W"NPO be the v-f reduction defined by:
W]Qf]VVI,JO(U)(S) =0,

for all S,N', N € Pyin(U) such that S € N’ C N and all (N,v) € GN. The v-f reduction
WNPO satisfies additivity, permanent null player, path independence, and 1-addition

invariance, but it does not satisfy null player out.

Example 10 (No permanent null player). Let W"FNP be the v-f reduction defined by:

0 S=0o
Uy (0)(S) =
v(SU(N\N')) otherwise,
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for all S,N',N € Py (U) such that S C N’ C N and all (N,v) € GN. The v-f

w—‘PNP

reduction satisfies additivity, null player out, path independence, and 1-addition

invariance, but it does not satisfy permanent null player.

Example 11 (No additivity). Let W4 be the v-f reduction defined by:

i/ (v)  if Shi(N,v) =0 for alli € N\ N'

TNEO(v)  otherwise,

for all NN’ € Pyin(U) such that N' C N and all (N,v) € GV. The v-f reduction
U4 satisfies null player out, permanent null player, path independence, and 1-addition

mvariance, but it does not satisfy additivity.

Example 12 (No path independence). Let W1 be the v-f reduction defined by:

20(S) ifn=n"=1

IyN (v)(S) =
i (v)(S)  otherwise,

for all S,N',N € Pyin(U) such that S C N C N and all (N,v) € GN. The v-
f reduction WP satisfies additivity, null player out, permanent null player, and 1-

addition invariance, but it does not satisfy path independence.

8 Conclusion

In this paper, we introduce the notion of the value-free reduction of a coalitional game
with transferable utility. A v-f reduction of a game describes the change in the worth
of the coalitions in a TU game when some players leave the game.ﬁ Thus, this new
concept allows us to study TU games from a new perspective, focusing on the properties
that a v-f reduction may or may not satisfy. A v-f reduction induces a value. One may
say that the value somehow reflects the properties of the v-f reductions that induce it.

We consider additive v-f reductions that are path independent and satisfy properties
that indicate that null players must still be treated as null players when any such

reduction is applied. These properties by themselves do not pin down a unique v-f

19 Concerning this depiction, v-f reductions may be viewed as generalizations of the subgame opera-
tor by allowing the players who leave the game to influence the remaining players. For concepts where
subgame plays a role, such as population monotonicity (Sprumont, 1990) and projection consistency
(Funaki and Yamato, 2001), one can define and study versions where the subgame is replaced with a

distinct v-f reduction.

30



reduction. Moreover, they do not identify a unique value induced by the reductions
either. We define v-f reductions that satisfy all the previous properties and induce
either the Shapley value, or the Banzhaf value, or the stand-alone Valueﬂ

To characterize each of the examples of v-f reductions that we have defined, we
use an additional axiom to ensure that the players remaining in the reduced game
keep the same strategic perspective as in the initial game after a change in the worth
of some particular coalitions. These are invariance properties. The exercises suggest
that the Shapley value is a resilient value as it is induced by several v-f reductions,
each characterized by a different invariance axiom. A duality theory for v-f reductions,
which is also developed in this paper, helps in the proof of some of the characterizations.
Moreover, we show that that the duality theory can be helpful in the identification of
new mechanisms that implement specific values.

We also show that our new approach is a useful tool to provide new characterizations
of values in terms of consistency. In this paper, we provide new characterizations of the

Banzhaf and the stand-alone values.

Appendix

Proof of Proposition[]. We prove that the value ¢? induced by a path-independent v-f
reduction ¥ is consistent relative to ¥. For a given N we have Yy ;3 0o Uy v = Y (5}
for all N’ C N and all i € N’ by path independence. Therefore, for any (N,v) € GV,
given that (N', ¥y n(v)) € GV, we have ¥ (N, ¥n n(v)) = Unr g5y (v (v)) ({i}) =
nr gy 0 U (V) ({i}) = P gy (v)({i}) = ©¥ (N, v). Hence, ¥ is consistent relative to
v. [

To prove Proposition [3] as well as Propositions [ and [f] later, several properties of

the mapping v — v* are useful, which we state in Lemma

Lemma 1. The mapping v — v* s additive. Moreover, if i € N is a null player in

(N,v) € GV, then player i is also a null player in (N,v*).

Proof of Lemma[]. We check that v — v* is additive: for all (N,v), (N,w) € GV and

20 Tt is also natural to think about v-f versions of the Moulin-Tadenuma reduced game (Moulin,
1985, and Tadenuma, 1992). Several linear values are consistent relative to this reduced game, such as
the equal division value (that distributes the worth of the grand coalition equally among the players)
and the zero value (that distributes zero to every player). Each of them can give rise to linear and

path-independent v-f reductions inducing these two values, respectively.

31



all S C N, then (v+w)*(S) = (v+w)(N)— (v+w)(N\S) = (v(N)+w(N))— (v(N\
S)+w(N\S)) = (v(N) =v(N\5)) + (w(N) —w(N\ 5)) = v*(5) + w(S).

To see that if 7 is a null player in (N, v), then i is also a null player in (N, v*) we
have that for all S C N\ {i}, v*(SU{i}) —v*(S) = (v(V) —v(N\ (SU{i}))) — (v(N) —
v(N\S))=v(N\S)—v(N\(Su{i})) =0. O

Proof of Proposition[3. To verify that additivity is self-dual, we show that the mapping
v o W;{,’N,(’U)(S) is additive if the mapping v — Wy n/(v)(5) is additive. Indeed,
Ty n (v +w)(S) = (v ((v + w)*))*(S) = (Uvn (v + w*))*(S) = (U (V") +
U (w*)) (S) = (W (v9)"(S) + (Fnnw (W) (S) = Wi (V)(S) + Wy (w)(S),
where the first equality follows from Definition [§, the second and fourth from the
additivity of v — v* (Lemma [l|in the Appendix), and the third from the additivity of
V. Therefore, additivity is self-dual.

We now check that null player out is self-dual. We show that if ¥ satisfies the null
player out axiom, then ¥y v\ 1,1 (v)(S) = v(S) for all S € N\ {i} if ¢ € N is a null player
in (N, v). Indeed, V5 \\ 15 (0)(S) = (Tni gy (07)) () = (07 [ny)*(S) = 0" vy (N
=" Iy (NVEDVS) = 0 (N\{ih)—v* (N\(SUi}) = v (V) —v" (N\S) = u(S),
where the first equality follows from Definition [§] the second one holds because ¢ is a
null player in (N, v*) according to Lemmal 1] the third from the definition of the dual of
a game, and the penultimate equality follows again from the fact that ¢ is a null player
in (N, v*). Therefore, null player out is self-dual.

We verify that the permanent null player property is self-dual by proving that if
¥ satisfies this property and i € N’ is a null player in (N,v), then ¢ is a null player
in (N, ¥y ni(v)) as well. Let i € N be a null player in (N,v). Then, from Lemma
[l ¢ € N’ is a null player in (N,v*) and, by the permanent null player property of
W, he is also a null player in (N, ¥y n/(v*)). Using Lemma [1| again, ¢ is a null player
in (N, (¥n,n(v*))"), that is, in (N, WX n/(v)). Therefore, the permanent null player
property is self-dual.

Finally, we prove that path independence is self-dual by proving ¥y, n. (¥, n,(v)) =
Wk, n, (v) if ¥ is path independent: W, v, (%%, n, (v) = (Pnyve ((Tvy v, (v)) 7)) =
Wy ns (P, 3, (09))) " = (W v, (07)) 7 = WX, N, (v), where the first and last equalities
follow from Definition [§] the second from v** = v, and the third from the assumption

of the path-independence of ¥. Therefore, path independence is self-dual. ]

Proof of Remark[l Given N € Pp;,(U) and (N,v) € GV, take any i € U \ N. Define
(N U {i},w) € GV by w(S) = v(S\ {i}) for all S € N U {i}. Notice that player i
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is a null player in (VU {i},w) and that the subgame of (N U {i}, w) restricted to N is
(N,v). Then for any v-f reduction ¥ satisfying null player out and path independence,
Unn(v) = Uy N (Pnugn(w)) = Unugy,n (w) = v, where the first and the third equality
follow from null player out and the second from path independence. Therefore, ¥y n

must be an identity function if ¥ satisfies null player out and path independence. [

Since every v-f reduction we will present satisfies null player out and path indepen-
dence, we will not repeat the property established in Remark I in the proof of their

corresponding theorems below.

Proof of Theorem [ Tt is immediate that the subgame v-f reduction satisfies all the
stated properties.

We now prove that if the v-f reduction ¥ satisfies the five properties, then ¥ = w54,
Notice first that, under path independence, it suffices to show the equality restricted to
one-player operators (LDM N\{i}), for all N € P, (U) and all i € N.

Second, by additivity, it suffices to establish the equality for each operator ¥y a1y
restricted to the set of all scalar multiples of elements in a basis of GV. We choose the
set of all scalar multiples of all unanimity games (auT)T€2 N\ (2} .0ck"

We show that Wy iy (aur) = W%,y (aur) for all T € 2V \ {2}, all a € R,
and all ¢« € N by induction on n. We notice that since auy = W), additivity and
grand-coalition invariance imply that Uy y\ (i (aun) = 0 = auy v\ iy = Wf}“b \(i} (cup).
Thus, we only need to check the equality of the remaining scalar multiples of elements
in the basis, i.e., (auT)T€2N\{®,N},a€R'

Consider N = {7, j}, that is, n = 2. (a) When T = {j}, then ¥y, j; ;) (ugy)({7}) =
augy |y ({7}) by null player out, since 4 is a null player in ({7, 7}, aug;y). (b) When
T = {i}, then ¥y jy i (augy)({7}) = 0 = augy |3 ({J}) by permanent null player,
since j is a null player in ({7,j}, cugy). Hence, ¥n z iy (aur)(S) = aur [y (S) =
Wﬁf‘]i’,\{i}(ozuT)(S’) for all S C N\ {¢}, all T" such that |T'| =1, all @ € R, and all N such
that |N| = 2.

Now we proceed to consider any N, and suppose that the induction property holds
for any set with fewer than n players. (a) When i ¢ T then ¢ is a null player in
(N, aur), hence ¥y n\ iy (ur) = our |y by null player out. (b) We show that
Un,w\ iy (ur)(S) = aur [mgy (S) for all S € N\ {i} when i € T'and " C N. Take
any player j € N\T. Then, j is a null player in (N, aur). Moreover, by the permanent
null player property, j is also a null player in (N \ {i}, ¥y n\ fi} (cur)). We consider two
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possibilities. (b1) First, if S C N \ {i, 7}, then

Uy iy (ur ) (S) = Onow gy (aur) | v gigy (S) = P gipmgigy (Pna gy (aur) ) (S)

= Un\ v\ figy (P gy (Qur) ) (S) = v gy v i (aur [ y) (5),
(13)

where the first equality holds because S C N \ {i,j}; the second by null player out,
given that j is a null player in the game (N \ {i}, ¥n n (i} (our)); the third by path
independence; and the fourth by null player out, given that j is a null player in (N, cur).
We apply the induction argument to state that the last expression (which involves
a reduction from a set of n — 1 players) is equal to Lpf,l\‘?j}w\{i’j}(auT g (S) =
aur vy (S) = aup(S), where the last equality holds because S C N \ {3,j}. (b2)
Second, if j € S, then ¥y n\ iy (ur)(S) = ¥y n iy (ur) (S \ {j}) because j is a null
player in (V' \ {i}, Yy n\ (i} (qur)). Now we apply equation to S\ {j} and, by the
same argument as in (b1), ¥y n gy (aur)(S) = aur(S '\ {j}), which is equal to aur(S)
since j is a null player in (N, cur).

Thus, if a v-f reduction satisfies the five properties, then it is equal to ¥4, n

Proof of Theorem[3. We verify the stated properties of W#M . First, WM is the compo-
sition of three functions: the restriction operator, the Shapley value, and the summation
operator. It is easy to check that the three functions are additive. Therefore, ¥# is
additive.

WHM

Second, to verify that satisfies null player out, let ¢ € N be a null player in

(N,v) € GN. Then, WY, (3 (0)(S) = 3255 Shi(SU N\ (N \ {i})), v[suavovyiip)) =
3 s Shi(S Uik v sug) = v(S U{i}) — Shi(S U {i}v lsugs) = o(S U {i}) = v(S).
where the third equality follows from the efficiency of the Shapley value, the fourth
from the null player property of the Shapley value, and the fifth holds because i is a
null player in (N, v).

Third, we check that WH#M satisfies permanent null player. Let i € N’ be a null player
in (N,v) € GN. Then, for all S C N’ \ {i}, D’(Wﬁ%(v))(S) = Wﬁ%(v}(é’ u{i}) —
VI (0)(S) = [Xjesupy Shi((SULHU NN, vlsupumia )] = [2;es Shi(SU(N\
N'), v [suvan)] = [22jes Sha((SU{i}) U (N \ N'), v [supuvwn)] — 225 Shi(S U
(N AN, 0 o)) =[5 es Shi(SU (N \ N7, 0 suinan)] = [,es Shi(S U (N \
N'),v|suw\n1y)] = 0, where the third equality follows from the null player property of
the Shapley value, and the fourth from null player out of the Shapley value (see Derks
and Haller, 1999).
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Fourth, we prove the path independence axiom. For any 7" C S, we can write

Vit sV lsoann) (1) = Fier Shi(T U (N \ N') v |[roann) = I (0)(T) =
Wi (v) |s (T), where the first equality holds because v |suv\n)lrusuanys)=

v rusunnyns)= v |lruw\nry. Therefore:

Wi N (0) 5= Pé s (0l suanam) (14)
N (0)(S) = T, s (v suanam ) (S)- (15)

We now claim that, given equations and , the verification of path inde-
pendence, that is, WM, (WM (v))(S) = WHM. (v)(S) for all Ny, Ny, N3, S € Ppin(U)
such that S C N3 C N, C Ny, is equivalent to verifying the condition only for S = Nj,
ie.,

Uiy (U8, (1)) (N3) = Wy, (v) (Ns)- (16)

To prove the equivalence, we use , where we substitute N, N' and v by N3, N3

and ¥, (v), to obtain

W]I\};%S (l‘pfl\zjg\fz (U)) (S) = l‘ngA(/[NQ\N@,S (WJI\#}{VQ (U) |SU(N2\N3) ) (S) (17)

Similarly, we substitute N, N and S by Ny, Ny and S U (N, \ N3) in (14), to obtain
N7, (0) [su(va\Na) = TS0\ Ny (3 \ Vo) 5L\ ) (U [ SUNA\ Na U\ o) ), -,

Wzﬁ%g (v) ’SU(Nz\NS): WgJA{[Nl\Ng),Su(NQ\Ng)(U ‘SU(Nl\N3))‘ (18)

Using in equation ([17)), we have

%1\?21\?\[3 (WJI\}ZA?VQ (U)) (S) = ‘pg%vz\Ng),s (LngA(IN1\N3),SU(N2\N3) (v |SU(N1\N3))) (5)-

Then, the worth of coalition S C N3 in the game resulting from two sequential reduc-
tions of (IV1,v) (from N; to Ny, then from N, to N3) is equal to the worth of the grand
coalition S in the game resulting from two reductions of (S U (N1 \ N3),v |su(ni\ng))
(from S U (N7 \ N3) to S U (N2 \ N3), then from S U (N2 \ N3) to S). This property
means that it suffices to verify that the worth of the grand coalition satisfies path in-
dependence, that is, that equation holds for all possible games. To prove , we

use the definition of ¥HM.

UM (TR (0)) (N3) = Z Shi(Na, UM, (v)) = Z Shi(N1,v) = WM. (v)(N3).

i€EN3 1€EN3

Therefore, ¥H#M is path independent.
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Finally, we verify the 1-invariance property of ™  The axiom of additivity im-
plies that WY (un + wa.a)) = YN (uy) if and only if N (wi.q) = 0. We show
that Wi N (wa,a))(S) = 0 for all S € N'. By definition of &#M &I (w14)(S) =
ZiES Shz(S U (N \ N/)7w(1,a)|SU(N\N’))- Notice that (S U (N \ N/)7w(1,a)|SU(N\N’)) S
GOVIN\NY) s a game where each player is symmetric with each other. Then, the Shap-
ley value prescribes an equal share of the worth of the grand coalition S U (N \ N').
Thus, 37,cs Shi(SU(N\N'), wimlsunan) = Pies momm W (SU NV \N')) = 0.
Therefore, the HM v-f reduction satisfies the 1-addition invariance property.

To show the reverse implication of the theorem, we first prove the following lemma:

Lemma 2. For all N € Pin(U) such that |[N| > 2, the set {ur | T C N, T #
@} U{wan} forms a basis of GV.

Proof of Lemma[4 Take any N € Py, (U). To prove Lemma [2 we start by showing

the following equality between games in GV:

(=1)"nuy = —wan + Y, (1) sus, (19)
Se2N\{@,N}
We show that the two functions in equation are equal when evaluated at any
T C N, by considering three different cases: (a) If " C N and |T'| = 1, then —wq 1y (T)+
ZS@N\{@,N}(—I)SASUS(T) = —1+up(T) =0=un(T) = (—=1)"nun(T). For the other

two cases, we use the following formula:

> st =0, (20)

Se2T\ {2}

for any T such that |T| > 1PY Then, (b) for T C N such that |T| > 1, we can
write: —wq,1)(T) + ZSEQN\{zyN}(—l)s_lsuS(T) = D se2r\ (2} s(=1)*1 =0=un(T) =
(=1)"nun(T). Finally, (c) for T = N, —wa)(T) + X geom oy (—1)° 'sus(T) =
ZSGQN\{Z,N}(_I)S_ls = (=1)"n+ Zsew\{@}(_l)s_ls = (=1)"n = (=1)"nun(T).
Given that equation holds and the set {up | T'C N,T # @} forms a basis of
GV, then the set resulting from replacing uy with w(1,1) in this basis spans G~ which

proves Lemma [2] O

We now continue with the reverse implication of Theorem 2] We prove that ¥ =

WHM if the v-f reduction ¥ satisfies the five properties, using the same procedure as

2'We check that l} holds: Z:L.;GQT\{Q,}S(—I)S_1 = [ZSE2T\{Q}39€S_1]I:,1 =
z° (X2 z°) d(Xio, (=) z)t—
[ZSeﬂ\{@} 6517]1:—1 = [%]w:—l = [%]m:—l = [d((Hda:) 1)]1:—1 =
[t(14+a)t] _ | =0
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in the proof of Theorem [I| Because of path independence and additivity, it suffices to
show that Wy x iy (v) = PN\ (v) foralli € N and all v € {aur | T C N, T # @,a €
R} U{wq | @ € R} (see Lemma [2).

First, if v = w1 «), then additivity and 1-addition invariance imply Yy, n (i) (w(l,a)) =
0= W]I\{%\{i}(w(lya)) for all N € Py (U) for all @ € R and all i € N.

Second, we show that Wy n gy (ur) = P ; (aur) for all T € 2V \ {@, N}, all
a € R, and all ¢« € N by induction on n.

For N such that n = 2, the proof is identical to that of Theorem [1| since 7™
and ¥ coincide for the proper subsets T of N and we did not use grand-coalition
invariance in that part of the proof.

Consider now any N and suppose that the induction property holds for any set
with fewer than n players. (a) When i ¢ T then 7 is a null player in (N, aur),
hence ¥y n\piy(our) = our |y = Wﬁ’%\{i}(auﬂ because both ¥ and WHM satisfy
null player out. (b) When ¢ € T and T' C N, take any j € N \ 7. Player j
is a null player in (N, aur) and, under the permanent null player property, also in
(N \ {i}, ¥n n gy (aur). Therefore, (b1) if S € N\ {,;}, then equation holds by

the same arguments as in the proof of Theorem [T Using the induction argument, we

have Wy wgip (aur)(S) = Uy wgigy(@ur [ (S) = TR v (Qur ) (9)-
WHM gatisfies null player out and path inde-

pendence, we have WJJ\LTI\]\E[j},N\{i,j}(O‘uT [ (S) = WZJ\LII\]\E[j},N\{i,j}(Wlﬁ%\{j}(auT))(S> =

Wﬁ%\{i}(auT)(S). (b2) If j € S, then ¥n n iy (our)(S) = Un n gy (aur)(S\ {7}) be-
cause j is a null player in (N \ {i}, ¥y n\ 13 (ur)). Now we can apply equation to

S\ {j} and, by the same argument as in (bl), ¥nn gy (aur)(S) = TN, gy (Qur) (S \

Since j is a null player in (N, aur) and

{7}) = ¥ N\ (aur)(S), where the last equality holds because j is a null player in
(N, aur).
Therefore, if a v-f reduction satisfies the five properties, then it is equal to
Finally, we notice that @ﬁj{‘f}(v)({z}) = Shi({i} U (N \ {1}),v[qyungy)) = Shi(v)
for all (N,v) € GV and all i € N. Therefore, ¥ induces the Shapley value. O

wHM,

Proof of Corollary[3 We prove that WONHE ig the dual of ¥H#M. Indeed,
(PN ()" (S) =Py () (V') — e T () (N S)
=) Shi(N, v )= > Sh(N\ N, (v)Y) = ) Shi(N,v")

iEN’ iEN'\N iEN’

Y ShNA\ ), ()Y

1EN'\(N'\S)
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= Sh(N\(N'\'S), (v)¥) = " Shi(S U (N \ N'), (v]sunan)?)

ics i€s
= " Shi(SUN\ N'),v|sumva),

ics
where the first equality follows the definition of a dual game, the second one from
the defining equation @ of WONHE “and the last equality from the self-duality of the
Shapley value. To check the fourth equality, notice that, for all 7' C S U (N \ N'),
on the one hand, v*¥"\5(T) = v*(T U (N'\ S)) — v*(N"\ S) = [v(N) —v(N \ (T U
(N'\S))] = [v(N) = v(N N (N'\S9))] = o(N\ (N'\5)) —o(N\ (TTU N\ 5))) =
v(SU(N\N)) =o((SU(N\N)\T); on the other hand, (v|[suwn,)*(T') = v|supna)
(SUNAN)) —v[suvy ((SUNAN)NT) = o(SUN\N')) —o((SUN\N)\T).
Thus v*V"\ = (v v|sunn)* O

Proof of Proposition[fl Let ¥ be a v-f reduction that satisfies 1-addition invariance.
Our aim is to verify that ¥* satisfies (n — 1)-addition invariance.

We first show that the dual of the game (N,wgm-1,4)) is (N, w1,—a)). Indeed,
Wi 1.0)(9) = Win—1,0)(N) = Win-1,0) (N \ 5) = —wWi-1,0)(N \ ) = wi,—a)(S) for all
SCN.

Then, for any o € R, we have U} v,(v + Wu-10) = (Inv((v + wWn-1)%)) =
(LDNN/(U + wp, 1a)))* = (WN7N1<U* + w(L_a)))* = (LDN’N/(U*»* = U} n(v), where
the first and last equalities follow from Definition [§] the second from the additivity of
v v* (see Lemma, the third equality follows from the fact that the dual of w,—1 )
is w(1,—a), and the fourth from 1-addition invariance of ¥. Therefore, (n — 1)-addition

invariance is dual to 1-addition invariance. O

Proof of Theorem[3 The ONHF v-f reduction is dual to the HM v-f reduction. Then,

by Proposition [3, WONHF satisfies additivity, null player out, permanent null player,

IPHM

and path independence, because they are self-dual properties and satisfies them.

Similarly, WONHE gatisfies (n — 1)-invariance, which is dual to 1-addition invariance (see

PHM gatisfies 1-addition invariance.

Proposition , because

For the other direction, consider a v-f reduction ¥ satisfying all the stated axioms.
Then, the dual ¥* of ¥ satisfies all the axioms stated in Theorem [2| which implies
U = ¢HM  Hence, the dual v-f reductions of ¥* and ¥HM ie., ¥ and WONIF must
coincide, as we wanted to prove.

WONHF

Finally, Corollary 1| implies that induces the Shapley value since it is a

self-dual value. O
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Proof of Theorem[]]. First, we verify that W'V satisfies all the stated properties. It is
linear and hence additive, because it is the composition of linear functions.

To show path independence, linearity ensures that it suffices to verify that the
unanimity games satisfy the property. Consider any T' € 2V\{@}, then W'Y (ur)(S) =
ur(S) = Yies Shi(N' ur [nr) + 3 ie5 Shi(N,ur) = ur [nr () = Y5 Shi(N' ur |
) + 28 Notice that ur [yr=0if T ¢ N’ and ;g Shi(N',ur |n) = T80 if T C N,
Thus we have, for all S C N/,

UT|N’ (S) it T g N/;
05] if T ¢ N'.

t

WJI\?,J%'(UT)(S) =

The previous expression implies that W'V, (ur) is equal to ¥3*%, (ur) if T C N'.
Otherwise, each player in N’ \ T" is a null player in (N, W'\, (ur)) and the rest of the
players have a constant marginal contribution { to any coalition in (N', WL, (ur)).

Now we verify that ¥V satisfies path independence. Take N3 C Ny C N;. First, if
T C Ns, then W07 (WL, (ur)) = WL, (ur) = ur |n, by path independence of 5.
Second, if T' ¢ Ns, then W{"y (ur) = 051 There are two possibilities: (a) if T C No,
it is immediate that W)\ (WA, (ur)) = ‘Ttﬂ; (b) if T"¢ N, then for S C Nj, it
happens that W%, (PEYs, (ur)) () = WEM, (ur) () — X,cs Sha(No, VR (ur)lxg) +

> ics Shi( Ny, WMy (ur)) = lT?S| — |T?S| + |T?S| = ‘T?Sl, where the first equality follows

from equation (7)), and the terms in the second equality follow from (i) the expression

wPW _ |Tns]

of the game Wy "y, (ur)(S) — and its subgames, (ii) each player i € T'N N, has a

constant marginal contribution 1 in (N, W™y (ur)), and (iii) the rest of the players are

null players in (Na, W4y, (ur)). Therefore, the PW v-f reduction is path independent.

We verify the null player out property, i.e., W]];JWV\{Z.}(U) = v|n\giy for all (N,v) € GV
such that i € N is a null player in (N,v). We notice that for all S C N \ {i},
PPy (0)(S) = () = Y06 SBHN \ {10 Iyngay) + Xyes Shi(N.v) = 0(S), where
the first equality follows from (7)) and the second from Sh;(N\{i},v|n\gy) = Sh;j(N, v)
if 4 is a null player in (NN,v), i.e., null player out of the Shapley value. Therefore w*W
satisfies null player out.

As for permanent null player, let i € N’ be a null player in (N,v). Then, it
is the case that for all S C N"\ {i}, ¥ (v)(S U {i}) — ¥{X(v)(S) = v(S U
() = Yooy ShOVL 0 x0) + Fyesuqn Sh(No0) = (0(S) = Xy Shy (N0 ) +
> ies Shi(N, v)) = (v(SU{i}) —v(S)) = Shi(N',v|n/) 4+ Sh;i(N,v) = 0, where the third
equality follows from the premise that 7 is a null player in (/V,v) and its subgames and

from the null player property of the Shapley value. Therefore W*'"W satisfies permanent

null player.

39



We check the proportional addition invariance property. By additivity, it suffices
to show that Wﬁ%,(zk L Weka)(S) = 0. Indeed, W (s L Wera)(S) = sa —
> ies Shi(N', Zk 1 Wikka) [N+ 5es Shi(N, it w (kka)) = SQA—D icq Zk;l Shi(N', wk,ka) [N
)+ Yies Yoot ShilN wika) = s =Yg SN, Wi ey [vr) = 50 = Y05 5 = 0,
where the first equality follows from , the second from additivity, and the third and
fourth equalities hold because the Shapley value of each player in a symmetric game is
equal to an equal share of the worth of the grand coalition.

To prove the reverse implication we need a previous lemma:

Lemma 3. For all N € Psin(U) such that |[N| > 2, the set {ur | T C N, T #
oy {22;11 Wik} forms a basis of GN.

Proof of Lemma[3 Take any N € Py, (U). To prove Lemma [3] we first note that:

n—1
nuy = Zu{} Zw(k,k))7 (21)
k=1

€N

which is easily seen by recognizing that Y,y ug;y(S) = s for all S € 2%\ {@&}.
Given that equation holds and {ur | T C N,T # @} forms a basis of GV,
then the set resulting from replacing u with ZZ;% Wy, ) on this basis spans GV, which

proves Lemma 3] O

The proof that ¥ = ¥PW if the v-f reduction ¥ satisfies the five properties is
very similar to the proof of Theorem The only difference is in the proof that
Ui (0) = I gy (v) for all i € N, when v = S Wk In this case, addi-
tivity and proportional addition invariance imply that &DN,N\{i}(ZZ;ll Wk ka)) = 0 =
VN iy (o h) Wikkay) for all N € Prin(U), all @ € R, and all i € N.

Therefore, if a v-f reduction satisfies the five properties, then it is equal to ¥*"W,

Finally, regarding the value induced by " we notice that, for all (N,v) € GV and
all i € N, W%, (v)({i}) = v({i}) — Shi({i}, vlgiy) + Shi(N,v) = Shy(N,v). Therefore,

wPW induces the Shapley value. O

Proof of Proposition[5. We prove that if ¥ satisfies proportional addition invariance
then ¥* satisfies reverse-proportional addition invariance.

We first show that the dual of the game (N, w(—ka)) 18 (N, Wk, —ka)), for & =
1,2,...,n—1. Indeed, w{, 1) (S) = Win—tka)(N) = Wrn—tka)(N\S) = —wW(n—tka)(N\
S) = Wk,—ka)(S) for all S C N.

Then, for all & € R, W}{,’N,(w-zz;i Wik, (n—k)a)) = (EIIN,N/(( +Zk L Wik a))*>)* -
(O (V02 W miye))) = (v (0021 Wik k) = (P (v ))* =Wy n (V)
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where the first and last equalities follow from Definition [§] the second from the additiv-
ity of v — v* in Lemma , the third from the property that the dual of (N, w(,—k ka)) is
(N, W(k,—ka)), and the fourth from the proportional addition invariance of ¥. Therefore,

reverse-proportional addition invariance is dual to proportional addition invariance. [

Proof of the expression in Example[5§. We prove that the expression for " corre-

sponds to that provided in Example [5}

U (0)(S) = (I () (S) = I (V) (V') = U (0") (N S)
=[v"(N') = Y Shi(N',v" [x) + Y Shi(N,v")]

— [0 (N'\S) = D Shi(N vt [w)+ Y Shi(N,v")
iEN'\S iEN'\S
=0*(N') = 0" (N'\ 8) = Y " Shy(N'",v*[w) + Y _ Shi(N,v")
€S €S
—[0(N) = o(N\ N)] = [o(N) = o(N \ (N"\ )] = Y Shi(N',0*[wr) + > Shi(N,v")
€S i€S
=0(SU(N\N)) = o(N\N') = " Shi(N', (v*|n)*) + Y _ Shi(N,v),
€S €S

where the first equality follows from Definition [§], the second from the defining equation
of a dual game, the third from , the fifth from and the self-duality of the
Shapley value, which also leads to the sixth equality.

Finally, we show that (v*|y/)* = v™\V'. Consider T'C N’. By repeated application
of the definition of dual game, for all T C N’ (v* |nv)*(T) = v* |nv (N') — 0" |nv
(N'\T) = o (V") = o" (V' \ T) = [o(NV) — o(N \ N")] = [o(N) = o(N \ (N'\ )] =
v(TU(N\ N')) —o(N\ N') =NV (T). O
Proof of Theorem[J. The proof of this theorem is identical to that of Theorem 3 [
Proof of Theorem[f. First, we verify that WP satisfies the properties. It satisfies
linearity and hence additivity because it is the composition of linear functions.

To verify the null player out property, let i € N be a null player in (N, v). Then, for
all §'C N\ {i}, W85, ) (0)(5) = Sore gy Ho(SUT) = o(T)] = $o(8) + Jo(S U {i}) -
v({i})] = v(S), where the first equality follows from the defining equation and the
second holds because 7 is a null player. Therefore ¥B%" satisfies null player out.

To verify that WP satisfies permanent null player, suppose that i € N’ is a null
player in v € GV. Then, for all S € N'\ {i}, W34 (v)(SU{i}) = doTCN\N s [v((SU
{HUT) =o(T)] = X renmw Qn—fn,[v(SU T) —o(T)] = Wg% (v)(S), where the first and
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last equalities follow from and the second from the premise that ¢ is a null player
in (N,v). Therefore W5 satisfies permanent null player.

To verify maximum ignorance, we substitute N’ = N \ {i} and W = N in equa-
tion , then Wﬁﬁ\?\{i}(au]\;)(S) = Y rci tloun(SUT) — aun(T)] = 3laun(S) —
auy ()] + taun (SU{i}) — aun({i})] = Sun(S U {i}). Therefore U5 satisfies max-
imum ignorance.

To verify path independence, we use the following claim:
Claim 1. For all N,N',W, S € P, (U) such that N',W € 2N\ {@} and S C N,
27Ny (SU(W A\ N if SNW # @,

WRR (uw)(S) = (22)
0 otherwise.

To verify the claim, we have,

) () (S) = 3 ot (S UT) — (7))

TCN\N’

_ ¥ %[uw(s UT) - uw (T)]

TCN\N':TOW\N’

. 21_ [uw (S U (W \ N')UT') — (W \ N')]

T'C(N\N'N\W
1 ! !/
= Z Y [uw (S U (W \ N')) — uw (W \ N')|
TICN\NV\(WAN)
2n7n’7\W\N’| , .
= Z T[UW<SU(W\N))_UW(W\N)]

T'C(N\N)\(W\N")
=2\l (S U (W \ N')) — u (W \ N')]
2NNy WA\ N') —uy (W\N) =0 ifSNW =0
27 AN Iy (S U (W \ N)) it SNW # @

where the first equality follows from (10)), the fourth from wuy (S U (W \ N )UT’) =
uw (SU W\ N))if "NW = & and the first case of the seventh from the same
reasoning, the second case of the seventh from uy (W \ N') = 0 if SNW # &, which
implies N'NW # @.

Then, to check path independence, first notice that equation is equivalent to

2 W Ny e fWNN # @
NN (uw) = (23)
0 otherwise.
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Let Ny, Ny, N3, T € Ppin(N) such that N3 C Ny € Ny and T € N;. To compute
Wik (W%, (ur)), there are three different possibilities to consider: (i) If T C Ns,
then Wk, (PFK, (ur)) = RN, 27N lug, |n,) = 27RO (uran, [v,) =
27 IT\Na . =l TONIANS gy v el v = 27TV gy, [ vy = WR™ %, (ur), where the first,
the third and the last equalities follow from equation ([23)) and the second from linear-
ity. (i) f T'¢ N3 and T C Ny, then TN Ny € N3. We have @ﬁ;”]ﬁ,s(@ﬁﬁ% (ur)) =
Ui, (271 el |n,) = 27 MNVIWRIR, (g [v,) = 2710 = 0 = Uy, (ur).
(iii) If T ¢ Ny, then Lﬁﬁ;‘i% (Wﬁﬁ%(uﬂ) = Wﬁ;%B(O) =0 = Lﬁﬁf’% (ur). Therefore,
wBan satisfies path independence.

We now prove the reverse implication of the theorem by showing that if the v-f
reduction ¥ satisfies the five properties, then ¥ = ¥B By path independence and
additivity, it suffices to show the equality restricted to one-player operators (LI7N7 N\{i}),
for any N € P, (U) and ¢ € N, restricted to a set of all scalar multiples of elements in
a basis of GIV. We choose the set (auT)TGQN\{z},aER'

We show that Un v\ gy (qur) = W% 1 (aur) for all T € 2V \ {@}, all @ € R, and
all i € N by induction on the number of players n. We notice that maximum ignorance
implies that Yy z gy (ouy) = sun\{i}- Thus, we only need to check the remaining

elements in the set, that is, the games (auT) The proof of this part is

Te2N\{2,N},aeR’
identical to the corresponding part of the proof of Theorem

Therefore, a v-f reduction that satisfies the five properties coincides with w5,
wBan induces the Banzhaf value: ©?”"" (v) = Un i (v){i}) =

doTCN\(i) st [v(TU{i}) —v(T)] = Ban;(N,v), where the second and the third equality
follows from the defining equation . Therefore, ¥ induces Ban. O

Finally, we show that

Proof of Proposition[§ 1t is easy to see that ¥~ is additive as a result of the linearity
of the Shapley value. Moreover, ¥X = W if X = @ and ¥X = ¥HM if X = (4.
Equivalently, LPK,{N, = !I/ﬁ%, if (N\N)NX = g, LPX{N/ = !Pﬁ%, if (N\N)NX = N\N'".
Therefore, the reduction of a game from N to N\ {j} is different depending on whether
the removed player j belongs to X or not. Hence, ¥* does not satisfy anonymity if
X # @ and X # U. Finally, ¥X satisfies null player out and permanent null player if
UX satisfies path independence, which we show next.

For ease of notation, for each T' C 2V \ {@}, let us define (N, er) € G by er(S) =
@ for all S C N. It is easy to see that

Wy we(er) = er|nr - (24)
By linearity of ¥, it suffices to verify the path independence of ¥X operating
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on a basis (UT)T@N\ e We need to consider three different cases of T (i) If T C
SU((N\N) 1X), then By (ur)(8) = e ShilS U (VA N) A1 X), ul s,
) = 2ies Shi(N'U((N\N') N X), ur|vovnnnx)) + 2 ies Shi(N ur) = 37,05 Shi(SU
(NN N) N XD, ur |sunnnnxg) = 2ies Shi(S U (N \ N') N X)), ur [suvanx)) +
> ics Shi(N,ur) = |TmS‘ , where the second equality follows from Sh;(S U ((N \ N')N
X), ur|suv\nynxy) = Shi(N"U (N \ N') N X), ur|nuv\n)nx) ), i-e., the null player
out of the Shapley value, and the last from equal treatment of the Shapley value. (ii) If
T ¢ SU((N\N)NX) and T € N'U((N\N)NX), then U . (ur)(S) = yeq Shi(SU
(N N) 0 X)), urlsuvivnnx) = 2ies Shi(N" U (N \ N') N X)), ur | vuviwvynx)) +
> ies Shi(Nur) = =370 Shi(N'U(N\N')NX), ur|vuvivynx))+2ies Shi(N, ur) =
— > ies Shi(N,up) 4+ .cg Shi(N,ur) = 0, where the second equality follows from the
premise T ¢ S U ((N\ N') N X), which implies that ur|suaxnnx)= 0, and the third
from null player out of the Shapley value and the premise that 77C N'U((N \ N')NX)
which imply that Sh;(N' U (N \ N') N X), ur|nvuwvynx)) = Shi(IN,ur). Finally,
(iti) if 7€ N"U (N \ N') N X), then ¥ y/(ur)(S) = > ;e Shi(S U (N \ N') N
X), urlsunwvnnx)) = ies SPi(N'U(N\N)NX), ur| noanvnnx)) +2ies Shi(N, ur) =

Y icg Shi(N,ur) = |T?S|, where the second equality follows from the premise, which

implies that ur|syn\nnx)= 0 and ur|nunvynx)= 0.
To sum up, if T C N'U((N\N')NX), for all S C N’,

0 if T¢ SU((N\N)NX);

Uy v (ur)(S) =
wrur)(S) I8l 7 C SU((N\N) N X).

The previous expression means that, if 7 C N' U ((N \ N') N X),

TNN
U v (ur) = | v |UT0N’ N7, (25)
whereas if T'¢ N'U (N \ N') N X),
LI/]{](,N’ (ur) = er|nr . (26)

Now we can verify that LDNQ,N;), (WNl,NQ (uT)) = WNl,Ng (uT) for all Ny, No, N3, S e me(U)
such that S € N3 C Ny C N; and all 7' C N;. We have three possibilities: (cl1) 7" C
NgU((Nl\NQ)mX) and TﬂNQ C NgU((Ng\Ng)ﬂX) (CQ) T C NQU((Nl\NQ)ﬂX) and

TﬁNQ SZ NgU((NQ\Ng)mX) C3 T {(Z NQU Nl\N2> ) and T C NgU((NQ\Ng)ﬂX)
For (Cl)7 !p]{f(g,]\/é (!pjif(l,NQ <UT)) WNZ ]\73(M 2 |N2) ‘TthﬂwNz,Ng (U’TQN2 ‘N2) -
ITOtN2| |TPT]¥2]\F/Z\V3|UT0N2NN3 | Ny | s = |T ‘uTmN3 |Ns= PR, N, (ur), where the first and the
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third equalities follow from equation , the second from linearity of ¥~ and the last
from the fact that the premise of (c1) implies that 77 C N3 U ((Ny \ N3) N X).

TNN: TNN:
For <62)7 Lp]{f(g,Ng,(in/{l,NQ(uT)) = w]{[(Q,NS(‘ mt Q‘U‘TQNQ |N2) = ‘ m,f Q‘w]if(Q,Ng(uTmNZ ‘NZ) =

|TNNa|
t

the second from linearity of ¥, the third from equation , the fifth from the fact
that the premise of (¢2) implies that T € N3 U ((N; \ N3) N X).

For (c3), R, v, (TR, 3, (ur)) = YR, w (e [vo) = er [mlv= er [v= Tx, v, (ur),
where the first and second equalities follow from equation , the fourth from the fact
that the premise of (¢3) implies that "€ N3 U ((N7 \ N3) N X).

Therefore, ¥ is path independent. O

ernn, |Ny= er |ny= YR, v, (ur), where the first equality follows from equation 1}

Example of a v-f reduction that does not satisfy linearity. We construct a v-f reduction
that satisfies additivity, null player out, permanent null player, path independence, but
not homogeneity.

We can invoke path independence to define ¥n n+ for any N’ C N, once we will
determine the functions taking the form Wy z\(xy such that & € N. Moreover, it
suffices to construct a non-homogeneous function ¥y, ;1 1y : G149} — G that satisfies
null player out, permanent null player and additivity. For concreteness, we let the rest
of functions, i.e., ¥y n\(r} such that & € N and |N| > 2 coincide with the subgame
operator.

Denote by Q the set of all rational numbers. To define a non-homogeneous additive
function, we use the concept of R as a vector space over Q. A linear basis of this vector
space is called a Hamel basis. Let H be a Hamel basis. Then for each v € R, we can
find a unique finite set of elements {x1,..., 2} C H such that v = Zle c;x; where
c1,...,c € Q\ {0}. Choose an arbitrary element y € H. Then for each v € R, we
can determine its corresponding coefficient (which is possibly zero) in the expression of
7, coefficient that we denote ¢(7y). Thus we have a function ¢ : R — Q defined by the
projection v + ¢(y). This function is additive but not homogeneous. Indeed, choose
an arbitrary element v’ € H \ {y}, then ac(y) # c(ay) when a = % Moreover, this
function satisfies that c(0) = 07

Before defining ¥y; j3 (), recall that for each ({i,;},v) € GU"}, v can be expressed
by augy + Bugy + yug,;y for some o, 3,7 € R. Now we define ¥y, jy 13 (v) as follows:

Wiy () ({i}) = a+ (), (27)

22The construction of a Hamel basis, and hence a non-linear additive function involves the axiom
of choice. See Herrlich (2006).
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where o,y € R are such that v = augy + Bugjy + yuy, ;) for some 3 € R.

Notice that if ¢ is a null player in ({é, j},v) then v must take the form of fuy; and
that if j is a null player in ({4, j},v) then v must take the form of augy. Therefore,
Wy i1 40y satisfies null player out and permanent null player. Moreover, it is additive but

not linear because the function ¢ is additive but not homogeneous. O

Proof of Theorem[l We check that #4”*" = w8 Indeed, for S e 2M\{o}, @j{ﬁ@” (v)(S) =
Bang((N\N")U{S}, (v [suvn)s) = ZTC (N\N)U{SH\{S} Qn W DS( |SU(N\N’)) NT) =
S v 3 [0 o)) (T U LSH) = ( lsuvnn)s)(T)] = Srexons g [(0(T U
S) — (v(T)] = ¥E% (v)(S), where the equalities just follow the definitions of pAler,
Ban, vg, and ¥B,

Moreover, ¥B%" is path independent. Therefore, the Banzhaf value is consistent
relative to ¥4%. Also, it is immediate that it is standard for two-player games.

For the other direction, we prove that if ¢ is consistent relative to ¥4% and standard
for two-player games, then ¢ = Ban. We do the proof by induction on the number of
players | N|. It holds for | N| = 2 by standardness.

Consider now (N,v) € GV such that |[N| > 2 and assume that ¢ = Ban for any
game with less than |N| players. Take any ¢ € N. We first note that

T v (0)(8) = 0s({i, S}, (vlsuy)s) = U(2S> + uCE {Z}2> — 1)({2}), (28)

where the second equality follows from standardness.

To prove that ¢,;(N,v) = Ban;(N,v) for any j € N, take any ¢ € N such
that i # j. Then, ;(N,v) = @;(N\ {i}, U3y (1 (v) = Ban;(N\ {i}, U7 ) =
%k?czv\(gd{}}%nlz[wiv\{}( V) (SU{TH P53 iy (0)(9)] = ngiv\{i7j}‘2nl_2[U(SL;{J}) IETEREI
v M) = 5o gagy e (MO AR - ) s o(TU
{j}) —v(T)] = Banj(N,v), where the first equality follows from the consistency of ¢,

the second from the hypothesis that o = Ban for games with n — 1 players, the third

and the last from the definition of the Banzhaf value, and the fourth from the equation

). =

Proof of Theorem[§ 1t is easy to see by substituting the stand-alone value in wA? that
it coincides with the subgame v-f reduction ¥***. Moreover, ¥*"* is path independent.
Thus, the stand-alone value is consistent relative to ¥4¥.
For the other direction, we prove that ¢,;(N,v) = v({j}) for j € N by an induction
on the number of players |N|. It holds for |[N| = 2 by condition (ii) of the theorem.
Assume that the induction hypothesis holds for any game with less than n player,
with n > 2, and consider (N,v) € GV with [N| = n. For any i« € N, we have
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Wﬁﬁv\{z} (0)(S) = vs({i, S}, (v]|sugip)s) = v(S), where the second equality follows from
(ii) of the theorem. Thus:

(N (i}, Py (0) = (N \ {i},0). (29)
Consider now any j € N, and take any ¢ € N such that ¢ # j. Then, ¢;(N,v) =
©; (N \ {i}, eriv\{ 1 (v)) = @i (N \ {i},v) = v({j}), where the first equality follows
from consistency, the second from the equation , and the third from the induction
hypothesis. 0
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